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ABSTRACT
We detail the construction of the exceptional sigma model, which describes a string propagating in
the “extended spacetime” of exceptional field theory. This is to U-duality as the doubled sigma model
is to T-duality. Symmetry specifies the Weyl-invariant Lagrangian uniquely and we show how it reduces
to the correct 10-dimensional string Lagrangians. We also consider the inclusion of a Fradkin-Tseytlin
(or generalised dilaton) coupling as well as a reformulation with dynamical tension.
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1 Introduction
1.1 Background
Duality underlies the modern understanding that the different superstring theories and the eleven-
dimensional M-theory should not be viewed as being disjoint but as particular descriptions of a greater
theory. The appearance of duality groups, including the O(d, d) of T-duality and ED(D) of U-duality,
warrant our close attention. At least conceptually, one might wonder if there is some alternate formula-
tion in which such O(d, d) or ED(D) symmetries do not appear only on reduction, but are present from
the outset.
Steps in this direction can indeed be taken. These approaches include the doubled sigma model (or
doubled worldsheet) [1–5], double field theory (DFT) [6–8], and exceptional field theory (EFT) [9–19].
These theories provide reformulations of the string worldsheet action and the low energy supergravities
in which extra “dual” coordinates are introduced, in order to realise the O(d, d) or ED(D) symmetry
“geometrically”, acting on an enlarged spacetime described by the usual coordinates and the duals. In this
paper, as outlined in [20], we provide a construction of an “exceptional sigma model”: a two-dimensional
sigma model which describes a string coupled to the background fields of this enlarged spacetime, with
a (formally) manifest exceptional symmetry related to the U-duality groups of M-theory.
The ideas here can be traced back to the approaches of [1–5], where the string sigma model was
formulated in a T-duality symmetric manner. There, a dual coordinate is added for each T-dualisable
target space coordinate. The geometry of the doubled background is encoded in fields which are in
representations of O(d, d) and which group together components of the different spacetime fields (e.g.
the metric and B-field appear together in a so-called generalised metric). The number of on-shell degrees
of freedom is still d rather than 2d, and this “reduction” is achieved in various ways depending on the
exact model under consideration. In all cases one can think of the 2d scalars as chiral, with some sort of
chirality constraint implemented differently in different models. In this paper we will follow the approach
of Hull [4, 5] and eliminate the dual coordinates by a gauging procedure.
It is not only the sigma model that can be “doubled”, but also the low energy effective theory
describing the background fields. This leads to double field theory [6–8]. The DFT equations of motion
following from the action of [21] can be obtained by requiring the vanishing of the conformal anomaly of
the doubled worldsheet [22–24], just as one obtains the usual string background field equations.
Importantly, the local symmetries of supergravity — diffeomorphisms and p-form gauge transforma-
tions — can also be written O(d, d)-covariantly: the combination of diffeomorphisms and B-field gauge
transformations yields “generalised diffeomorphisms” with gauge parameter ΛM (M here is an O(d, d)
index) acting on generalised tensors, just as ordinarily diffeomorphisms can be viewed as infinitesimal
GL(d) transformations. Consistency of the algebra of these symmetry transformations leads to a con-
straint on the coordinate dependence, implying that fields and gauge parameters can depend only on at
most half the doubled coordinates. All these constructions are formally invariant under O(d, d).1
In order to make contact with the usual worldsheet or supergravity actions, we have to identify half
the doubled coordinates as “physical” ones. Of course this identification generically breaks the O(d, d)
symmetry; the freedom to make alternative choices of which d-dimensional set of coordinates is physical
is T-duality [4]. For backgrounds with d isometries in the physical directions, one can freely choose any
set of d coordinates to be physical, the different choices are related by honest Buscher [25, 26] dualities,
and indeed one now has an unbroken O(d, d) symmetry.
This provides the link between the O(d, d) manifest theories of the doubled sigma model and DFT
with the O(d, d) T-duality symmetry of compactified string theory or supergravity. T-duality is of course
1This is O(d, d;R) in both cases classically.
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a perturbative duality of string theory. U-duality, on the other hand, is a non-perturbative symmetry,
with M-theory compactified on a D-torus leading to an exceptional duality symmetry group ED(D) (the
split real form of the exceptional series).
Although we do not have access to a non-perturbative version of string theory (or the full M-theory),
U-duality is also realised in (compactifications of) the low energy supergravity actions. In this context,
we can construct the generalisation of double field theory to the exceptional case, as was carried out
in [9,10,13–19]. Again, we introduce extra “dual” coordinates so that the total set of coordinates appear
in a representation of ED(D), as do the fields. We now have ED(D) generalised diffeomorphisms [11, 12],
and a section condition implying that we cannot depend on all the coordinates. Different solutions [13,27]
to this condition (usually termed “sections”) lead to us having no more than eleven or ten coordinates – in
the former case, the theory reduces to eleven-dimensional supergravity while in the latter case it reduces
to the two type II supergravities. Note that the type IIA section is always contained trivially within the
M-theory one, while the type IIB section is an inequivalent solution (i.e. it cannot be transformed into
a IIA section by ED(D)).
Now, it is an immediate2 question as to whether there is some analogous description of the underlying
brane actions which realises ED(D) symmetries just as the doubled sigma model does for O(d, d). This
was first investigated for M2 branes in [28], by studying worldvolume duality relations. However, as
finally established a quarter-century later, this approach is limited in scope [29] – and only completely
works for certain target space dimensions for which the number of dual coordinates introduced equals the
number of physical coordinates. Fundamentally, the underlying problem is that U-duality mixes branes
of different worldvolume dimensions (whereas T-duality exchanges winding and momentum modes of the
fundamental string itself).
Our approach to this problem will be to restrict to fixed worldvolume dimension, and construct the
action that naturally couples to the ED(D) covariant variables describing the background in the EFT
formalism. This idea was used in [30] to construct an EFT particle action. This action can be viewed in
three ways:
• as an action for a massless particle in an “extended spacetime”, with extra worldline scalars corre-
sponding to dual directions,
• as an action for massless particle-like states in 10 or 11 dimensions on integrating out these dual
coordinates,
• as an action for massive particles corresponding to wrapped branes in n-dimensions, on further
reduction.
This EFT particle couples geometrically to the EFT metric degrees of freedom and electrically to the
ED(D) multiplet Aµ
M , which are one-forms from the point of view of the non-dualisable directionsXµ and
generalised vectors carrying the index M running over the representation of ED(D) corresponding to the
extended coordinates YM (for instance, for E6, this is the 27-dimensional fundamental representation).
This representation is often denoted by R1. The fields of EFT include a tensor hierarchy R1, R2, . . . of
such generalised form fields [12].
Our approach in this paper will be similar in spirit to the above. It will provide a generalisation of
the “Hull-style” doubled string [4,5], while making use of ideas grounded in the local symmetries of DFT
in [31] which were adapted to EFT in [30]. The EFT particle of the latter paper could be viewed as
a massless particle in the extended spacetime, and our action will have a similar re-interpretation in a
quasi-tensionless reformulation. This directly generalises the type IIB SL(2) covariant string of [32, 33]
2That is to say, it predates the birth of one of the authors and the second birthday of the other.
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to larger groups (and to type IIA as well). Due to the analogy to the double string we will be calling
this the exceptional sigma model, or more simply the exceptional string.
Before summarising our main result, let us note that the worldvolume duality approach was used in [9]
to motivate the construction of the SL(5) EFT, and alongside the further development of EFT there
have been some efforts to re-approach the problem of brane actions from the perspective of exceptional
geometry, including [34–40]. Other work includes the study of brane dynamics in the closely related
approach based on E11, as in [41,42], and the formulation of a SL(3)×SL(2) covariant membrane action
in [43].
1.2 Main result
In this paper we present the Lagrangian of the two-dimensional sigma model with an ED(D) EFT back-
ground as target space, valid for D = 2, 3 . . . 6 (for these values of D, the structures of EFT are relatively
homogeneous and similar to that of DFT. For D = 7, various differences begin to appear in the essential
features of EFT, and most relevantly for us no generalised two-form appears in the action of EFT).
Perhaps the simplest form of the action of the ED(D) exceptional sigma model is:
SEWS = −1
2
∫
d2σ
(
T (M, q)
(√−γγαβgµν∂αXµ∂βXν + 1
2
√−γγαβMMNDαYMDβY N
)
+ qMN ǫ
αβ
(
Bµν
MN∂αX
µ∂βX
ν + ∂αX
µAµ
MDβY
N + ∂αY
MV Nβ
) )
.
(1.1)
with
DαY
M = ∂αY
M + ∂αX
µAµ
M + Vα
M (1.2)
where the “tension” is:
T (M, q) =
√
qMN qPQMMPMNQ
2(D − 1) . (1.3)
This string couples to an EFT background: {gµν ,MMN , AµM , BµνMN , . . . }; respectively, the exter-
nal and generalised metrics, the “1-form” field Aµ
M ∈ R1, as well as a “2-form” field BµνMN in the
representation R2 of the tensor hierarchy, which couples electrically to the worldsheet much like the
Kalb-Ramond B-field does to the usual string. The role of the O(d, d) structure η is now played by the
constant charge parameter qMN ∈ R¯2. We will see how consistency — i.e. covariance under (generalised)
diffeomorphisms and gauge-invariance of the B-field coupling — implies that q is constrained by
qMNY
NK
PQ∂K = qPQ∂M (1.4)
(equivalently, q ⊗ ∂|R¯3 = 0).
Crucially, the exceptional string Lagrangian is compatible with the symmetries of EFT. As explained
in section 4 this places stringent requirements on its form. This Lagrangian also correctly reduces to the
usual 10-dimensional string Lagrangian (when appropriate), which we confirm in section 5.
2 The doubled sigma model
2.1 Action for the doubled string
The part of the fundamental string (F1) action which couples to the 10-dimensional metric gˆµˆνˆ and
B-field Bˆµˆνˆ is:
S = −TF1
2
∫
d2σ(
√−γγαβ gˆµˆνˆ + ǫαβBˆµˆνˆ)∂αX µˆ∂βX νˆ , (2.1)
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where we take ǫ01 = −1. We split the coordinates X µˆ = (Xµ, Y i), with i = 1, . . . , d, and insert the
following decompositions of the backgrounds fields into the action (2.1):
gˆµν = gµν + φijAµ
iAν
j ,
gˆµi = φijAµ
j ,
gˆij = φij ,
Bˆµν = Bµν −A[µjAν]j +BijAµiAνj ,
Bˆµi = Aµi +Aµ
jBji ,
Bˆij = Bij .
(2.2)
Letting DαY
i ≡ ∂αY i + ∂αXµAµi one can write the action as
S = −TF1
2
∫
d2σ
(√−γγαβ (gµν∂αXµ∂βXν + φijDαY iDβY j)
+ ǫαβ((Bµν +Aµ
iAνi)∂αX
µ∂βX
ν + 2Aµi∂αX
µDβY
i +BijDαY
iDβY
j)
)
.
(2.3)
Now, double the Y i, introducing duals Y˜i which together are written as Y
M = (Y i, Y˜i). A doubled action
equivalent to (2.3) is [4, 5]
SDWS = −TF1
2
∫
d2σ
(√−γγαβ (gµν∂αXµ∂βXν + 1
2
MMNDαYMDβY N
)
+ ǫαβ
(
Bµν∂αX
µ∂βX
ν + ηMNAµ
M∂αX
µDβY
N + ηMN∂αY
MVβ
M
) )
.
(2.4)
Here, the background fields have been combined into an O(d, d) vector and an O(d, d) generalised metric:
Aµ
M =
(
Aµ
i
Aµi
)
, MMN =
(
φij −BikφklBlj Bikφkj
−φikBkj φij
)
, (2.5)
and ηMN is the O(d, d) metric
ηMN =
(
0 I
I 0
)
. (2.6)
We have introduced an extra worldline one-form (and O(d, d) vector) Vα
M , and defined
DαY
M ≡ ∂αYM + ∂αXµAµM + VαM . (2.7)
The one-form Vα
M plays several roles. In the original formulation [4, 5] it is introduced in order to
implement the self-duality constraint
∂αY
M + ∂αX
µAµ
M = ηMNMNP
√−γǫαβγβγ(∂γY P + ∂γXµAµP ) (2.8)
by gauging a shift symmetry in the dual directions. (Note that the consistency of this constraint is
guaranteed by the relationship MMNηNPMPQηQK = δMK .) More recently, while also gauging away
the dual directions, it has been pointed out that Vα
M must transform under gauge transformations of
the background fields in order to ensure covariance on the doubled worldsheet [31].
In the approach of double field theory (DFT), one formally allows the background fields to depend
on the doubled coordinates YM subject to the section condition, ηMN∂M ⊗ ∂N = 0. This is solved by
∂i 6= 0, ∂˜i = 0, i.e. by having no dependence on half the coordinates. The gauge field VαM is required to
obey Vα
M∂M = 0. Then in this canonical “choice of section” we have Vα
i = 0 and Vαi 6= 0. Integrating
out Vαi gives exactly the action (2.3), plus a total derivative.
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To see this, we note that the terms involving YM in (2.4) can be decomposed as follows:
SDWS ⊃ −TF1
2
∫
d2σ
(1
2
√−γγαβφijDαY iDβY j − ǫαβ∂αY i∂β Y˜j + ǫαβAµi∂αXµ(2DβY i −Aνi∂βXν)
+
1
2
√−γγαβφij(DαY˜i −BikDαY k)(Dβ Y˜j −BjlDβY l)− ǫαβDαY˜iDβY i
)
.
(2.9)
Integrating out Vαi is equivalent to eliminating DαY˜i from the second line, which amounts to replacing
it by
+
1
2
√−γγαβφijDαY iDβY j + ǫαβBijDαY iDβY j (2.10)
Then we get exactly (2.3) with the additional term
S ⊃ −TF1
2
∫
d2σ(−ǫαβ∂αY i∂βY˜i) (2.11)
This reduction matches exactly that in [31], while in [5] this term is removed by adding to SDWS a
“topological term” required for invariance under large gauge transformations. This term is
Stop =
TF1
2
∫
d2σǫαβ
1
2
ΩMN∂αY
M∂βY
N , ΩMN =
(
0 1
−1 0
)
. (2.12)
2.2 Gauge transformations
Let us check how the doubled sigma model respects the gauge symmetries of double field theory. Note
that we are using the formulation with only a partial doubling of the spacetime coordinates, as described
in [44]. We have three types of local symmetries: external diffeomorphisms, generalised diffeomorphisms
and generalised gauge transformations. Let us focus only on the latter two here. We start with the
generalised gauge transformations of the gauge fields Aµ
M and Bµν :
δλAµ
M = −∂Mλµ , δλBµν = 2∂[µλν] −A[µM∂Mλν] . (2.13)
It is convenient to specify a “covariant” transformation of Bµν by
∆Bµν ≡ δBµν +A[µMδAν]M (2.14)
for which ∆λBµν = 2D[µλν] where Dµ = ∂µ − LAµ is the covariantisation of the partial derivative ∂µ
under generalised diffeomorphisms (defined below).
The doubled sigma model action (2.4) should be invariant under these tranformations. This requires
that in addition we need VMα to transform as
δλVα
M = ∂αX
µ∂Mλµ . (2.15)
Then, the quantity DαY
M is automatically invariant, and the action transforms into
δλS = −TF1
2
∫
d2σǫαβ
(
2∂αλµ∂βX
µ − ∂αXµVMβ ∂Mλµ
)
(2.16)
which is a total derivative using the condition VMα ∂M = 0.
Next we consider generalised diffeomorphisms. The name reflects the fact that these act via a gener-
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alised Lie derivative LΛ on generalised tensors, where on a generalised vector UM we have
LΛUM = ΛN∂NUM − UN∂NΛM + UN∂MΛN . (2.17)
For instance, the generalised metric transforms as a rank two tensor under these transformations. Acting
on the gauge fields Aµ
M and Bµν , however, one can think of generalised diffeomorphisms as more like
traditional gauge transformations than diffeomorphisms. We have
δΛAµ
M = DµΛ
M = ∂µΛ
M − LAµΛM , ∆ΛBµν = ΛMFµνM , (2.18)
with the field strength for Aµ
M – this field strength is covariant under generalised diffeomorphisms,
transforming as a generalised vector – given by
FµνM = 2∂[µAν]M − 2A[µN∂NAν]M +A[µN∂MAν]N + ∂MBµν . (2.19)
Now, generalised diffeomorphisms are not a symmetry on the worldsheet; the reason being that the
position of a brane embedded in a target space is not invariant under target space diffeomorphisms. The
correct way that these transformations should appear on the worldsheet (or any worldvolume action) is
the following. We should transform the doubled coordinates and require that this induces the correct
transformation rules for the background fields in the worldsheet action, in the sense that these induced
transformations on the background fields correspond to generalised diffeomorphisms. Let us denote by
δ¯Λ the following transformation which amounts solely to shifting Y
M by ΛM :
δ¯ΛY
M = ΛM ,
δ¯ΛX
µ = 0 ,
δ¯ΛO(Y ) = ΛP∂PO(Y ) ,
(2.20)
where O(Y ) signifies any background field which depends on Y . Letting S[X,Y, V ; g,M, A,B] denote
the action for the worldsheet fields Xµ, YM and VMα coupled by the background fields gµν ,MMN , AµM
and Bµν (which may depend on X
µ and YM ), the covariance condition is that:
δ¯ΛS[X,Y, V ; g,M, A,B] = S[X,Y, V ; δΛg, δΛM, δΛA, δΛB] (2.21)
which leads to a symmetry if Λ is a generalised Killing vector, i.e. a generalised diffeomorphism which
annihilates the background fields. This requires the following transformation of VM under generalised
diffeomorphisms, as originally worked out (for the fully doubled case) in [31]:
δ¯ΛV
M
α = −∂MΛN (∂αY N + V Nα ) + ∂M (AµNΛN )∂αXµ (2.22)
for which the action transforms as required up to a total derivative term arising from the Wess-Zumino
part:
TF1
2
∫
d2σǫαβ∂αΛ
M∂βYM . (2.23)
The strategy for the construction of the exceptional sigma model will be to begin with the EFT gener-
alisations of the transformations (2.13), (2.17), (2.18) for the background fields, and check what sigma
model action is compatible with these. There we will also check the covariance requirement under exter-
nal diffeomorphisms, which allow us to completely fix all relative coefficients in the action (our approach
will be quite general and so also applies to the doubled sigma model, hence one can use the results of
7
section 4 to confirm the covariance of the latter under external diffeomorphisms, which we have not
discussed here).
2.3 Tensor hierarchy and generalisations
We now finish our review of the doubled sigma model by pointing out the ingredients that generalise
naturally (if surprisingly) to the exceptional case. Let us focus on the Wess-Zumino term
SWZ = −TF1
2
∫
d2σǫαβ
(
Bµν∂αX
µ∂βX
ν + ηMNAµ
M∂αX
µDβY
N + ηMN∂αY
MVβ
M
)
. (2.24)
The leading term involves the DFT generalised two-form Bµν , which is what we expect a string to couple
to. Both Bµν and the generalised one-form Aµ
M transform under generalised diffeomorphisms and gauge
transformations, while Bµν appears in the field strength (2.19) for Aµ
M . The pair (Aµ
M , Bµν) are the
“tensor hierarchy” of O(d, d) DFT. Similar tensor hierarchies appear in EFT, and reflect the fact that
the O(d, d) or ED(D) covariant fields incorporate components from the same supergravity fields, hence
their gauge transformations, field strengths and Bianchi identities are linked in a systematic fashion.
Part of the systematisation is that we can always associated the generalised p-form fields to a sequence
of representations Rp of O(d, d) or ED(D). The DFT one-form is in the representation R1 = 2d of O(d, d)
while the DFT two-form is in the representation R2 = 1. Given objects A1, A2 ∈ R1, there is a map
• : R1 ⊗ R1 → R2, which for DFT is given by A1 • A2 = ηMNA1MA2N . The above Wess-Zumino term
clearly involves:
Bµν∂αX
µ∂βX
ν + ∂αX
µAµ •DβY + ∂αY • Vβ . (2.25)
A natural conjecture would be that the same formula should hold for the groups and representations of
EFT. In general though, R2 will not be the trivial representation. In order to obtain a quantity that can
be integrated, we will need to introduce a charge q ∈ R¯2, and define
SWZ = −1
2
∫
d2σǫαβq · (Bµν∂αXµ∂βXν + ∂αXµAµ •DβY + ∂αY • Vβ) , (2.26)
where q · B ∈ 1. This charge will encode the tension of the string action. Clearly for the doubled sigma
model, we just have q = TF1.
Remarkably, the guess (2.26) turns out to be correct, as long as the charge q obeys a constraint (1.4).
This constraint comes about when one checks the gauge invariance of the Wess-Zumino term.
3 Exceptional field theory
In this section, we will introduce the core elements of exceptional field theory, focusing on the fields to
which the exceptional sigma model couples, and their symmetries. After presenting the general details,
we will focus on the group E6, for which some extra details have to be filled in.
3.1 Field content and symmetries
Exceptional field theory is a reformulation of supergravity with a formal manifest ED(D) symmetry,
realised on an extended set of coordinates (Xµ, YM ). The coordinates YM lie in a representation of
ED(D) denoted by R1. The fields of the theory are also assigned to various ED(D) representations, and
include the following: an external metric, gµν , in the trivial representation, a generalised metric,MMN ,
in the coset ED(D)/HD where HD is the maximal compact subgroup of ED(D), and a tensor hierarchy
of generalised form fields, Aµ
M ∈ R1, Bµν ∈ R2, Cµνρ ∈ R3, . . . .
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The exceptional string will couple to the generalised two-form Bµν , as well as to the external and
generalised metric, and the generalised one-form. The list of the representations R1 and R2 for the
groups ED(D), D = 2, . . . 8 is displayed in table 1.
Note that in practice, not all the fields appearing in the tensor hierarchy are needed in formulating
the dynamics of EFT, as in many cases they will contain dualisations of the physical degrees of freedom.
Additionally, we may also have to include additional “constrained compensator fields” which also drop
out of the dynamics, but are important in formulating the complete gauge invariant set of field strengths.
Such compensator fields appear when Rp = R¯1, and are related to the appearance of components of the
dual graviton. These extra fields are necessary to construct the field strength of the of the generalised
one-form in E7 [14], and are needed already at the level of the generalised Lie derivative for E8 [15]. In
this paper, they will become relevant when considering the E6 exceptional sigma model, appearing in
the field strength for the generalised two-form to which the exceptional string couples.
n = 10− d d G = ED,D, D = d+ 1 H R1 R2
9 1 SL(2)× R+ SO(2) 21 ⊕ 1−1 20
8 2 SL(3)× SL(2) SO(3)× SO(2) (3,2) (3¯,1)
7 3 SL(5) SO(5) 10 5
6 4 SO(5, 5) SO(5)× SO(5) 16 10
5 5 E6 USp(8) 27 27
4 6 E7 SU(8) 56 ∗
3 7 E8 SO(16) 248 ∗
Table 1: Generalised diffeomorphism groups and tensor hierarchy representations for EFT. n is the
external dimension while d is the internal dimension from the point of view of type II sections.
The local symmetries of exceptional field theory will be important for us. There are two types of
diffeomorphism symmetry: external diffeomorphisms, with parameters ξµ in the trivial representation of
ED(D), and generalised diffeomorphisms, with parameters Λ
M . In addition, there is a set of generalised
gauge transformations of the tensor hierarchy fields.
Generalised diffeomorphisms can be defined using the generalised Lie derivative, which acting on a
generalised vector U ∈ R1, of weight λU , is given by:
LΛUM = ΛN∂NUM − UN∂NΛM + YMNPQ∂NΛPUQ + (λU + ω)∂NΛNUM
= ΛN∂NU
M − αPMadjQNP ∂NΛPUQ + λU∂NΛN ,
(3.1)
where the intrinsic weight is
ω =

0 DFT− 1n−2 EFT . (3.2)
The generalised diffeomorphism parameter Λ itself carries weight −ω. Here PMadjQNP is the projector
onto the adjoint representation in the tensor product R1 ⊗ R¯1 and α is a group-dependent constant
recorded in [12]. The Y -tensor YMNPQ is formed from group invariants. From D = 2 to D = 6, the
Y-tensor is symmetric on upper and lower indices, and the section condition, restricting the coordinate
dependence of the theory, is
YMNPQ∂M ⊗ ∂N = 0 (3.3)
or ∂ ⊗ ∂|R2 = 0, and is required for consistency.
Due to these properties of the Y -tensor we will restrict our attention to D ≤ 6, for which one can
largely treat EFT (and DFT) in a general manner.
The generalised metric transforms as a generalised tensor of weight 0 under generalised diffeomor-
phisms. The external metric transforms as a scalar of weight −2ω. The remaining fields, in the tensor
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hierarchy do not transform as tensors but rather as gauge fields. Note that we still assign weight −pω
to the field in the representation Rp. To formulate their transformations, we introduce some general
notation following [16, 45, 46].
There are two useful operations which map between fields of weight −pω in representations Rp of the
tensor hierarchy. There is a nilpotent derivative operator:
∂ˆ : Rp+1 → Rp (3.4)
which is automatically covariant (under generalised diffeomorphisms) for p = 1, . . . n − 4 [45]. There is
also a map
• : Rp ⊗Rq → Rp+q , (3.5)
which is taken to be symmetric for p 6= q, and is defined for p+ q ≤ n− 2.
If we consider just the fields A ∈ R1 and B ∈ R2, which are most relevant for our exceptional sigma
model, we can express these operations using the Y -tensor directly. First, note that representation R2
always appears in the symmetric part of the tensor product of R1 with itself. Therefore it is convenient
to denote fields in R2 as carrying a (projected) pair of symmetrised R1 indices, thus we write B
MN . We
define
(∂ˆB)M = YMNPQ∂NB
PQ , (3.6)
and
(A1 •A2)MN =


1
2dY
MN
PQA
P
1 A
Q
2 O(d, d)
1
2(D−1)Y
MN
PQA
P
1 A
Q
2 ED(D)
. (3.7)
Given the definition of ∂ˆB for B ∈ R2 in the conventions of some EFT, then equation (3.6) effectively
defines our convention for the relationship between B ∈ R2 and BMN . We summarise the precise
definitions in appendix B. Observe also that ∂ˆB defines a trivial generalised diffeomorphism parameter,
that is L∂ˆB = 0 acting on anything.
Now, let us write down the gauge transformations and field strengths associated to the first few fields
of the tensor hierarchy. First, define the covariant external partial derivative Dµ = ∂µ−LAµ in terms of
the generalised Lie derivative L (which shows that the generalised one-form AµM provides a gauge field
for generalised diffeomorphisms). For the fields in Rp, p > 1, define “covariant” variations
∆Bµν = δBµν +A[µ•δAν] , ∆Cµνρ = δCµνρ − 3δA[µ•Bνρ] +A[µ•(Aν•δAρ]) . (3.8)
Although we are only really interested in the generalised forms A ∈ R1 and B ∈ R2, we have here to
include the generalised three-form C ∈ R3. The exceptional string will not couple to this field, but the
nature of the tensor hierarchy means that it still appears in the field strength of B ∈ R2. Then, in terms
of generalised diffeomorphisms parametrised by Λ ∈ R1, and gauge transformations λµ ∈ R2, Θµν ∈ R2,
Ωµνρ ∈ R3, we have
δAµ = DµΛ− ∂ˆ λµ ,
∆Bµν = Λ•Fµν + 2D[µλν] − ∂ˆΘµν ,
∆Cµνρ = Λ•Hµνρ + 3F[µν•λρ] + 3D[µΘνρ] − ∂ˆΩµνρ .
(3.9)
Letting [Aµ, Aν ]E =
1
2 (LAµAν − LAνAµ) be the analogue of the Lie bracket, the field strengths for Aµ
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and Bµν are:
Fµν = 2∂[µAν] − [Aµ, Aν ]E + ∂ˆBµν ,
Hµνρ = 3D[µBνρ] − 3∂[µAν•Aρ] +A[µ•[Aν , Aρ]]E + ∂ˆCµνρ ,
(3.10)
and their variations are given by:
δFµν = 2D[µδAν] + ∂ˆ∆Bµν ,
δHµνρ = 3D[µ∆Bνρ] − 3δA[µ•Fνρ] + ∂ˆ∆Cµνρ .
(3.11)
Under (3.9) the field strengths transform as generalised tensors (of weight −pω) under generalised dif-
feomorphisms parametrised by Λ.
In addition, one has transformations under external diffeomorphisms with parameter ξµ. In this
paper we will need to use:
δξAµ = ξ
ρFρµ +MMNgµν∂Nξν , ∆ξBµν = ξρHµνρ . (3.12)
In the EFT construction, requiring invariance of the (bosonic part of the) action under such transforma-
tions uniquely fixes the relative coefficients of every term. Remarkably, we will find below that the same
holds true on the worldsheet: a subtle interplay between the kinetic and Wess-Zumino terms is needed
to ensure covariance under external diffeomorphisms.
The general expressions here may have to be modified in some groups. For D = 7, we have already
mentioned that the field strength of the one-form Aµ
M involves a second two-form field which is necessary
for gauge invariance [14], with the generalised one-form transforming under additional “constrained”
gauge transformations that are necessary in order to shift away components which represent “dual
graviton” degrees of freedom. For D = 6, a similar situation arises at the level of the generalised two-
form Bµν , which as described in [13] has a similar additional symmetry. The full details of the field
strength associated to Bµν , and the precise form of its extra gauge transformations were not specified
in [13]. Our check of the symmetries of the exceptional sigma model require us to understand the full
field strength. To do this, we now look at the example of E6 more closely, both to clarify this situation
and to make our main example be one in which the group ED(D) is genuinely exceptional.
3.2 Example: the E6 EFT
General details
For E6, the representation R1, in which the coordinates Y
M appear, is the fundamental 27-dimensional
representation. The representation R2 is the conjugate representation to the fundamental, while the
representation R3 is the adjoint.
The group E6 has two cubic symmetric invariant tensors, d
MNP and dMNP . These are normalised
such that dMPQdNPQ = δ
M
N , and obey a cubic identity:
1
3
dSPT
(
dPQKdNRT + dPQNdRKT + dPQRdKNT
)
=
1
30
(
δQS d
KNR + δKS d
NRQ + δNS d
RQK + δRS d
NKQ
)
.
(3.13)
The Y-tensor for E6 is
YMNPQ = 10d
MNKdPQK , (3.14)
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and the section condition is
dMNP ∂N ⊗ ∂P = 0 . (3.15)
Note that the adjoint projector, PMadjN
P
Q = tα
M
N t
αK
L, (where tα
M
N are the 78 adjoint generators
valued in the fundamental) is:
PMadjP
N
Q = −5
3
dRPQd
RMN +
1
18
δMP δ
N
Q +
1
6
δMQ δ
N
P , (3.16)
so that
LΛUM = ΛN∂NUM − 6PMadjQNP∂NΛPUQ + λU∂NΛNUM . (3.17)
The operations • and ∂ˆ relevant to the fields in R1 and R2 are
(A1 •A2)M = dMNPAN1 AP2 , (∂ˆB)M = 10dMNP∂NBP . (3.18)
One therefore has
BMN = dMNPBP . (3.19)
Finally, note that the generalised metric is MMN , and we have MMNMPQMKLdNQL = dMPK (ex-
pressing the fact M is a group element).
Sections
For the components of the E6 invariant tensors, we follow the conventions of [13]. Under the decomposi-
tion E6 → SL(6) corresponding to obtaining an M-theory, we have AM = (Ai, Aij , Ai¯) with i, i¯ = 1, . . . , 6
and Aij = A[ij] (as in [13] we do not include an explicit factor of 1/2 in contractions). Then,
dMNP → dij¯ kl = 1√5δkl[ij] dij,kl,mn = 14√5ǫijklmn
dMNP → dij¯ kl = 1√5δ
ij
[kl] dij,kl,mn =
1
4
√
5
ǫijklmn .
(3.20)
The section condition (3.15) is then solved by ∂i 6= 0, ∂ij = 0 = ∂i¯.
Alternatively, under E6 → SL(5)×SL(2) (corresponding to a IIB section), we haveAM = (Ai, Aia, Aij , Aa),
with now i, j = 1, . . . , 5 and a, b = 1, 2, and
dMNP → dija,b = 1√10δ
j
i ǫ
ab dij
ka,lb = 1√
5
δkl[ij]ǫ
ab dij,kl,m =
1
2
√
10
ǫijklm
dMNP → dija,b = 1√10δijǫab dijka,lb =
1√
5
δij[kl]ǫab d
ij,kl,m = 1
2
√
10
ǫijklm
(3.21)
The section condition (3.15) is then solved by ∂i 6= 0, ∂ia = 0 = ∂ij = ∂a.
Continuing the tensor hierarchy
The fields that appear in the action of the E6 EFT are gµν ,MMN , AµM and BµνM . These are also the
fields to which the exceptional string will couple. However, the generalised two-form is not dynamical:
there is no kinetic term involving its field strength Hµνρ, and its equation of motion leads to:
dMNK∂K
(
√
gMNLFµνL +
√
10
6
ǫµνρσκHρσκN
)
= 0 , (3.22)
which is interpreted as a duality relation relating components of FµνM to components of HµνρM .
As this is the only place in the dynamics of the E6 EFT that HµνρM appears, in [13] this field
strength was only determined up to pieces which vanished under the action of ∂ˆ (i.e. under dMNK∂K as
12
above). This is consistent with the observation that the standard formulae for the tensor hierarchy field
strengths, (3.10), do not apply anymore, as for E6 the derivative ∂ˆ : R3 → R2 is no longer automatically
covariant under generalised diffeomorphisms. In general, this happens when one reaches a form-field
representation Rp which coincides with R¯1. As we have said, for E7, problems arise already for Aµ ∈ R1,
and these can be circumvented by introducing a second “constrained” two-form [14]. Here, we detail the
analogous construction that applies for E6, following the clues provided in [47].
For E6, the representation R3 is the adjoint. We introduce a three-form Cµνρ
α ∈ R3, and a second
three-form C˜µνρM ∈ 2¯7, which is constained to obey the same constraints as the derivatives ∂M . That
is, dMNP C˜µνρM C˜σκλN = d
MNP C˜µνρM∂N = 0. We introduce a derivative map, which we may as well
persist in calling ∂ˆ,
(∂ˆCµνρ)M = 6tα
N
M∂NCµνρ
α (3.23)
and define the field strength by
Hµνρ = 3D[µBνρ] − 3∂[µAν•Aρ] +A[µ•[Aν, Aρ]]E + ∂ˆCµνρ + C˜µνρ , (3.24)
where now
δHµνρ = 3D[µ∆Bνρ] − 3δA[µ•Fνρ] + ∂ˆ∆Cµνρ +∆C˜µνρ . (3.25)
The covariant variations for the three-forms are given by
∆Cµνρ
α = δCµνρ
α − 3(tα)PQδA[µQBνρ]P + (tα)PQdPKLA[µQAνKδAρ]L , (3.26)
which in fact conforms to the usual structure of (3.8) if one says (A •B)α = tαPQAQBP , while
∆C˜µνρM = δC˜µνρM + ∂M (δA[µ
KBνρ]K)− 3∂MδA[µKBνρ]K
− 1
3
dPKL∂M (A[µ
PAν
KδAρ]
L) + dPKL∂MA[µ
PAν
KδAρ]
L .
(3.27)
The usual gauge transformations (3.8) must be accompanied by a transformation
∆C˜µνρM = ∂MΛ
NHµνρN − 1
3
∂M (Λ
NHµνρN ) + 3∂MF[µνKλρ]K − ∂M (F[µνKλρ]K)
+18∂M∂NA[µ
PΘνρ]
αtα
N
P
(3.28)
of the constrained three-form: in addition, one has a gauge transformation of this object given by
∆BµνM = −ΘµνM , ∆C˜µνρM = 3D[µΘνρ]M , (3.29)
where ΘµνM is constrained in the same manner as C˜µνρM .
Verifying that these gauge transformations work requires the use of the Bianchi identity for Aµ,
3D[µFνρ] = ∂ˆHµνρ, and showing that
tα
N
Pd
QKP ∂K∂N = 0 (3.30)
which can be done using the section condition, the relationship PMN
K
L = tα
M tαKL, and the cubic
identity (3.13). Note that
dMNK∂K
(
6tα
P
N∂PCµνρ
α + C˜µνρN
)
= 0 , (3.31)
with the first term vanishing due to (3.30) and the second vanishing due to the constrained nature of
C˜µνρM . The terms inside the bracket are the “undetermined terms” Oµν M of [13]. Equation (3.31)
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ensures that the three-form potentials do not appear in the E6 EFT action of [13], nor in the duality
relation (3.22). In [48], this leads to an ambiguity in the “integrated” form of this duality relation between
certain components of Fµν and Hµνρ. Here, as we have access to the fully covariant field strengths, we
instead assume the duality relation holds without the derivative:
√
gMNLFµνL +
√
10
6
ǫµνρσκHρσκN = 0 (3.32)
and can use the gauge freedoms Θµνα and ΘµνM associated to the three-forms to gauge these away,
recovering the same duality relations between components used in [48]. The expression (3.32) is natural
to take as the complete “integrated” form of the duality relation, as the objects appearing in it are proper
generalised tensors.
4 The exceptional sigma model
We will now present and construct the action for the exceptional sigma model.
4.1 Action and symmetries
Denote the worldsheet coordinates σα, the worldsheet metric by γαβ and the worldsheet Levi-Civita
symbol by ǫαβ. The worldsheet fields that appear are the extended spacetime coordinates (Xµ, YM ),
and the worldsheet one-form VMα , which is constrained by the requirement
Vα
M∂M = 0 . (4.1)
These worldsheet fields are coupled by the background fields (gµν ,MMN , AµM , Bµν), which depend on
the coordinates (Xµ, YM ) subject to the section condition. We further introduce a charge q ∈ R¯2. Then
the action for the exceptional sigma model is
SEWS = −1
2
∫
d2σ
(
T (M, q)
(√−γγαβgµν∂αXµ∂βXν + 1
2
√−γγαβMMNDαYMDβY N
)
+ q · ǫαβ (Bµν∂αXµ∂βXν + ∂αXµ(Aµ •DβY ) + (∂αY • Vβ))
) (4.2)
where the “tension” is:
T (M, q) =
√
q · (M−1M−1)|R2⊗R2 · q , (4.3)
where the notation means that given the product MMNMPQ we project the index pairs MP and NQ
separately into R2 before contracting each with one q ∈ R¯2. This projection is of course automatic if we
express q using R1 indices as qMN (as opposed to having q carry a R¯2 index, in which case we think of
the product of generalised metrics as being projected instead). In this case,
SEWS = −1
2
∫
d2σ
(
T (M, q)
(√−γγαβgµν∂αXµ∂βXν + 1
2
√−γγαβMMNDαYMDβY N
)
+ qMN ǫ
αβ
(
Bµν
MN∂αX
µ∂βX
ν + ∂αX
µAµ
MDβY
N + ∂αY
MV Nβ
) )
,
(4.4)
with
T (M, q) =
√
qMN qPQMMPMNQ
2d
. (4.5)
For convenience, we will just write T ≡ T (M, q) in the rest of the paper.
We may summarise the symmetries of this action:
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• Gauge symmetries: the usual worldsheet diffeomorphisms σα → (σ′(σ))α acting on the worldsheet
metric γαβ , scalars X
µ, YM and the R1-valued 1-forms V
M
α , Weyl transformations rescaling γ, and
finally the following less usual shift symmetries3 for which the VMα are gauge fields: (we denote
worldsheet variations by δ¯; unadorned variations act on the EFT background)
δ¯εY
A = εA , δ¯εV
A
α = −∂αεA (4.6)
where the Y A ∈ YM are dual coordinates in a given section of the EFT background (i.e. ∂A = 0).
We thus have VMα ∂M = 0. The V equation of motion is equivalent to the twisted self-duality
constraint
T (M, q)DYM =MMNqNP (⋆γDY P ) (4.7)
generalising that of the doubled string, with the constant qMN replacing the O(d, d) structure ηMN .
• Background gauge symmetry: the EFT gauge transformations δλBµνMN = 2∂[µλν]MN + . . . ,
accompanied by the transformation δ¯λV
M
α (4.11), are invariances of the exceptional sigma model
action. In other words the electric B-field coupling is gauge-invariant. This is true only if the
constant charge parameter qMN ∈ R¯2 is constrained by (1.4) which can be more suggestively
rewritten LΛqMN = 0. Its surviving components depend on the number of generalised Killing
vectors of the EFT background and the type of section condition; for a generic background in
a IIB section qMN has two independent surviving components which form an SL(2) doublet and
determine the couplings to the IIB supergravity NS-NS and R-R 2-forms, while for “IIA” sections
qMN has one independent surviving component which is simply identified with the type IIA string
tension. This interpretation is justified when we use the EFT-to-supergravity dictionary in section
5.1 to relate the EFT background to a type IIB or eleven-dimensional supergravity background,
which serves to identify the precise relation of the exceptional string to the usual string theory
strings.
• Global symmetries: for each generalised Killing vector ΛM (X,Y ) — i.e. Λ such that δΛF = 0 for
any EFT background field F ∈ {gµν,MMN , AµM , BµνMN , . . . } — the variation
δ¯λY
M = ΛM (4.8)
along with the δ¯λV
M
α of (4.13) leaves the action invariant. Similarly for each external Killing vector
ξµ(X,Y ) with δξF = 0 we have a global symmetry of the sigma model acting as δ¯ξX
µ = ξµ. In
other words,
(generalised) Killing vectors induce infinitesimal global symmetries.
This is ensured by the stronger requirement that δ¯Λ,ξSEWS induces the usual transformation of
the background fields under infinitesimal generalised and external diffeomorphisms ΛM , ξµ. This
is a covariance condition expressing the fact pullbacks of generalised tensors are geometric. The
analogous property in Riemannian geometry is trivially true: consider δ¯ξX
µ = ξµ(X) acting on
gµν(X)∂αX
µ∂βX
ν, then a short calculation gives
δ¯ξ
(
gµν(X)∂αX
µ∂βX
ν
)
= Lξgµν(X)∂αX
µ∂βX
ν . (4.9)
3For the doubled string these were used in [4, 5], and reflect the fact the section condition reduces the dependence on
the coordinates. In [31, 49] this is referred to as the coordinate gauge symmetry of DFT or EFT, corresponding here to
εM = YMNPQ(ϕ∂Nϕ
′)PQ for ϕ,ϕ′ arbitrary ED(D) tensors.
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Finally, there is a formal ED(D) invariance acting on the fields and coordinates in the obvious
manner. As usual in a formalism with the same philosophy as DFT or EFT, a choice of section on
which the background fields depend breaks this.
4.2 Fixing the action: generalised diffeomorphisms and gauge transforma-
tions
We claim that the above action can be fixed essentially from scratch, based on a few reasonable assump-
tions. We begin by deciding we are searching for a Weyl-invariant Polyakov-style string action, quadratic
in worldsheet derivatives of the extended spacetime coordinates (Xµ, YM ), depending polynomially on
the EFT background fields and in particular coupling electrically to the EFT two-form Bµν
MN .
Kinetic terms
First, let us think about pullbacks of exceptionally geometric quantities. As was pointed out in [49],
the pullback of the “generalised line element”, which becomes MMN∂αYM∂βY N on the worldsheet,
is not a good object as it does not respect the generalised diffeomorphism symmetry correctly. Under
the shift δ¯ΛY
M = ΛM (X,Y ), we do not have δ¯Λ(MMN∂αYM∂βY N ) = LΛMMN∂αYM∂βY N . Indeed,
for ΛM = ΛM (X) the generalised diffeomorphism reduces to a gauge transformation of Aµ
M , and the
pullback MMN∂αYM∂βY N is evidently not gauge invariant as it should be. This necessitates the
combination ∂αY
M → ∂αYM + ∂αXµAµM , and to further take care of Y -dependent transformations we
introduce VMα and define
DαY
M = ∂αY
M + ∂αX
µAµ
M + VMα , (4.10)
The extra worldsheet one-form VMα ensures the correct covariance under Y -dependent generalised dif-
feomorphisms and is also needed for invariance under generalised gauge transformations, with
δλAµ
M = −YMNPQ∂NλµPQ ,
δ¯λV
M
α = Y
MN
PQ∂Nλµ
PQ∂αX
µ .
(4.11)
and also for invariance under the “coordinate gauge symmetry” of [31,49] which is a consequence of the
section condition.
We fix the transformation of VMα under generalised diffeomorphisms by postulating that, for UM a
generalised covector carrying special weight +ω, that
δ¯Λ(UMDαY
M ) = (LΛUM )DαYM + UM∂αXµδΛAµM . (4.12)
(This is because YM (and hence ∂αY
M ), Aµ
M and ΛM all have weight −ω. The transformation of VMα
is also consistent with taking its weight to be −ω.) This equation expresses the fact the pullback of UM
to the worldsheet is “geometric”; its analogue in ordinary geometry is identically true. It implies that
under generalised diffeomorphisms, one has
δ¯ΛY
M = ΛM ,
δ¯ΛX
µ = 0 ,
δ¯ΛV
M
α = −YMNPQ(∂NΛPDαY Q + ∂NAµP ∂αXµΛQ) ,
δ¯ΛO = ΛP∂PO ,
(4.13)
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where O is any function of the extended coordinates defined on the worldsheet. As a result,
δ¯ΛDαY
M =
(
∂PΛ
M − YMNKP∂NΛK
)
DαY
P + δΛAµ
M∂αX
µ . (4.14)
Now, the generalised metric MMN has weight zero. With the above transformations, this means that:
δ¯Λ(MMNDαYMDβY N ) = (δΛMMN )DαYMDβY N + 2MMND(αYMδΛAµN∂β)Xµ
+ 2ω∂KΛ
KMMNDαYMDβY N .
(4.15)
To cancel the final term, we need to introduce some object of weight +2ω. Note that one cannot cancel
these terms by modifying the transformation rule of VMα as this breaks the condition V
M
α ∂M = 0. We
introduce a charge qMN in the R¯2 representation, carrying weight +2ω. This weight assignment is natural
as Bµν
MN ∈ R2 has weight −2ω. We require that the generalised Lie derivative of qMN be zero, which
leads to the constraint
qMN∂P = qNKY
KL
MN∂L , (4.16)
which will appear again later as being necessary for gauge invariance of the Wess-Zumino term. If we
define the tension T as in (4.5) (the numerical factor is in principle arbitrary at this point, and will be
fixed later when we examine external diffeomorphisms), then this provides a scalar of weight +2ω, and
it follows that
δ¯Λ(TMMNDαYMDβY N ) = (δΛTMMN)DαYMDβY N + 2TMMND(αYMδΛAµN∂β)Xµ , (4.17)
which is the desired transformation rule.
Similarly, one finds that Tgµν∂αX
µ∂βX
ν behaves correctly, as gµν is a scalar of weight −2ω under
generalised diffeomorphisms.
We conclude that the only gauge invariant kinetic terms, quadratic in the derivatives of the worldsheet
scalars, and transforming in the appropriate manner under δ¯ΛY
M = ΛM are TMMNDαYMDβY N and
Tgµν∂αX
µ∂βX
ν , assuming we exclude terms nonpolynomial in the EFT background fields, such as
Bµνg
νρBρσ∂αX
µ∂βX
σ and the like.
Wess-Zumino terms
Our starting assumption is that the coupling to the generalised two-form involves
ǫαβqMNBµν
MN∂αX
µ∂βX
ν . (4.18)
We need to search for the gauge invariant completion of this. Assuming that the external and generalised
metrics do not appear, we write down the following general (up to total derivatives) guess for a quadratic
Wess-Zumino term:
LWZ = ǫαβqMN
(
Bµν
MN∂αX
µ∂βX
ν + α∂αX
µAµ
MDβY
N + β∂αX
µAµ
MVβ
N + γVMα DβY
N
)
, (4.19)
where we now want to determine the numerical coefficients α, β, γ. Under the gauge transformation
λµ
MN , one finds
δλLWZ = ǫαβqMN
(
∂αX
µ
(
2∂µλν
MN∂βX
ν + (γ − α)Y MRPQ∂RλµPQ∂βY N
)
+ ∂αX
µ∂βX
ν
(−2LAµλMNν + (−1− α− β + γ)YMRPQ∂RλµPQAνN)
+ (γ − α− β)∂αXµYMRPQ∂RλµPQV Nβ
)
.
(4.20)
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We expect this should equal the total derivative 2ǫαβqMN∂αλν
MN∂βX
ν. This requires:
2qPQ∂N = (α− γ)qMNYMKPQ∂K , (4.21)
from terms in the first line, while for the second line to vanish we need
2qPQ∂N = (1 + β + α− γ)qMNYMKPQ∂K , (4.22)
from the terms involving derivatives of λµ
PQ, and also
qQ(P ∂N) = qM(NY
MK
P )Q∂K , (4.23)
from terms involving derivatives of Aµ
N . Thus we need the condition (4.16), and to fix α − γ = 2,
β = −1. The final line in (4.20) vanishes using (4.16) and VαM∂M = 0.
We then fix the final coefficient in
LWZ = ǫαβqMN
(
Bµν
MN∂αX
µ∂βX
ν + α∂αX
µAµ
MDβY
N − ∂αXµAµMVβN + (α− 2)VMα DβY N
)
,
(4.24)
using covariance under generalised diffeomorphisms. We require the pullback of Bµν to be geometric in
the sense
δ¯ΛLWZ != ǫαβqMN
(
δΛBµν
MN∂αX
µ∂βX
ν + ∂αX
µδΛAµ
M (αDβY
N − V Nβ )
+ (α∂αX
µAµ
M + (α− 2)VMα )δΛAµM∂βXµ
)
,
(4.25)
where δΛAµ
M = DµΛ
M and δΛBµν
MN = 12dY
MN
PQ
(
ΛPFµνQ −A[µPDν]ΛQ
)
. The required variation
(4.25) can be simplified to:
δ¯ΛLWZ != ǫαβqMN
([
ΛP∂PBµν
MN + 2ΛM∂µAν
N −AµM∂νΛN
− ΛMAµP∂PAνN +AµMAνP∂PΛN
]
∂αX
µ∂βX
ν
+ ∂αX
µ(∂µΛ
M −AµP∂PΛM + ΛP∂PAµM )(αDβY N − V Nβ )
− ∂αXµ∂PAµNΛN (αDβY N − V Nβ )
)
.
(4.26)
Now, the direct variation δ¯Λ (4.13) can never produce the derivatives ∂µAν
M or ∂µΛ
M . Thus, in (4.26)
we should replace ∂αX
µ∂µ = ∂α−∂αYM∂M and then remove the ∂α derivative acting on the background
field by integration by parts. In order not to generate an unwanted – and uncancellable – term involving
∂αVβ
N from the third line when doing so, we have to take α = 1. With the coefficient fixed to this value,
a straightforward calculation shows that the direct variation δ¯ΛLWZ indeed leads to equation (4.25) up
to the total derivative terms we have just indicated.
A nice property of the final Wess-Zumino term,
LWZ = ǫαβqMN
(
Bµν
MN∂αX
µ∂βX
ν + ∂αX
µAµ
MDβY
N − ∂αXµAµMVβN − VMα DβY N
)
= ǫαβqMN
(
Bµν
MN∂αX
µ∂βX
ν + ∂αX
µAµ
MDβY
N + ∂αY
MVβ
N
)
,
(4.27)
is that if one varies the background fields only, one obtains the covariant variation (3.8) of Bµν automat-
ically:
δ(A,B)LWZ = ǫαβqMN
(
∆Bµν
MN∂αX
µ∂βX
ν + ∂αX
µδAµ
MDβY
N
)
. (4.28)
Finally, we must consider the transformation of Bµν
MN under the gauge transformations Θµν ∈ R3,
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under which we have ∆Bµν = −∂ˆΘµν . For C ∈ R3, we need
qMN (∂ˆC)
MN = 0 . (4.29)
We have not considered the general structure of ∂ˆ : R3 → R2, however the results of [50] indicate that
for D < 6 we can write this as
∂ˆCMN = Y˜MNTQRS∂TC
QRS , Y˜MNTQRS = Y
MN
PQY
PT
RS − δQT YMNRS (4.30)
which vanishes when hit with qMN using (4.16).
We should consider D = 6 separately. There, with qMN = dMNP q
P , we find instead that we need
qN
(
6tα
P
N∂PΘµν
α + Ω˜µνN
)
= 0 (4.31)
which is in fact true by a calculation similar to the one leading to (3.31) as long as q satisfies (4.16).
4.3 Fixing the action: external diffeomorphisms
To finish what we have started, we consider external diffeomorphisms.
Kinetic terms
The action of external diffeomorphisms on the worldsheet coordinates and hence on the background fields
viewed as functions on the worldsheet is:
δ¯ξX
µ = ξµ ,
δ¯ξY
M = −ξµAµM ,
δ¯ξO = ξµ(∂µ −AµM∂M )O .
(4.32)
Observe that we include a transformation of the YM which takes the form of a field dependent generalised
diffeomorphism. This is necessary due to the form of the covariant derivative Dµ = ∂µ − AµP∂P + . . .
acting on the background. We take:
δ¯ξV
M
α = ξ
µYMNPQ
(
∂NAµ
PDαY
Q + ∂NA[ν
PAµ]
Q∂αX
ν + ∂NBµν
PQ∂αX
ν
)
+ δ′ξV
M
α , (4.33)
where δ′ξV
M
α indicates possible further terms which depend on the worldsheet metric and Levi-Civita
symbol. We set these to zero for now and will reconsider them at the very end.
Then one has
δ¯ξ∂αX
µ = ∂αX
ρDρξ
µ +DαY
M∂Mξ
µ
δ¯ξDαY
M = δξAµ
M∂αX
µ −MMNgµν∂Nξµ∂αXν
− ξµ∂NAµMDαY N + ξµYMNPQ∂NAµPDαY Q
(4.34)
where
δξAµ
M = ξνFνµM +MMNgµν∂Nξν (4.35)
is the transformation of Aµ
M under external diffeomorphisms. Now, the transformations of the metrics
are:
δξgµν = ξ
ρDρgµν + 2D(µξ
ρgν)ρ , δξMMN = ξρDρMMN . (4.36)
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It is straightforward to calculate:
δ¯ξ (gµν∂αX
µ∂βX
ν) = (δξgµν)∂αX
µ∂βX
ν + 2gµν∂Mξ
µD(αY
M∂β)X
ν − 2ωξρ∂KAρKgµν∂αXµ∂βXν .
(4.37)
The weight term can be dealt with as before using T , as we have
δ¯ξT = δξT + 2ωTξ
ρ∂KAρ
K , (4.38)
where δξT = ξ
ρDρT . From (4.34), we see that the extra term involving the derivative ∂Mξ
µ can be
cancelled against the second term in the transformation of DαY
M , if we combine Tgµν∂αX
µ∂βX
ν and
TMMNDαYMDβY N . Indeed, we find
δ¯ξ(Tgµν∂αX
µ∂βX
ν + TMMNDαYMDβY N ) = (δξTgµν)∂αXµ∂βXν + (δξTMMN)DαYMDβY N
+ 2TMMNδξAµM∂(αXµDβ)Y N (4.39)
which is the required behaviour. Note that this establishes that it is the pullback of the whole “gen-
eralised line element” gµνdX
µdXν +MMNDYMDY N to the worldvolume that respects the external
diffeomorphism symmetry (up to weight terms which can be cancelled via something like T as done here
or against a worldvolume metric as in the EFT particle case [30]).
However, for the string, this is not the end of the story.
Wess-Zumino terms
The desired variation of the Wess-Zumino term is
δ¯ξLWZ != ǫαβqMN
(
∆ξBµν
MN∂αX
µ∂βX
ν + ∂αX
µδξAµ
MDβY
N
)
, (4.40)
with
δξAµ
M = ξρFρµM +MMNgµν∂Nξν , ∆ξBµνMN = ξρHµνρMN . (4.41)
A subtlety here is that for E6 we assume that the spacetime background is on-shell, so that we can use
the duality relation (3.32) to write Hµνρ here. Now, we have (up to D ≤ 5, with modifications for D = 6
as explained in the previous section):
FµνM = 2∂[µAν]M − 2A[µN∂NAν]M − YMNPQ∂NA[µPAν]Q + YMNPQ∂NBµνPQ
HµνρMN = 3∂[µBνρ]MN − 3LA[µBνρ]MN − 3
1
2d
YMNPQ∂[µAν
PAρ]
Q + (∂ˆCµνρ)
MN
+ 2
1
2d
YMNPQA[µ
PAν
K∂KAρ]
Q +
1
2d
YMNPQY
QR
KLA[µ
P∂RAν
KAρ]
L
(4.42)
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Then varying A and B we should find:
δ¯LWZ != qMN ǫαβ
(
ξρ∂αX
µ∂βX
ν
[
3∂[µBνρ]
MN − 3LA[µBνρ]MN
]
+ ξµ∂αX
νDβY
NYMRKL∂RBµν
KL
+ ξρ∂αX
µ∂βX
ν(∂ˆCµνρ)
MN
+ ∂αX
νDβY
NMMKgµν∂Kξµ
+ ξρ∂αX
µ∂βX
ν
(
− 3∂[µAνMAρ]N + 2A[µMAνK∂KAρ]N
+ Y NRKLA[µ
M∂RAν
KAρ]
L
)
− ξµ∂αXνDβY N
(
2∂[µAν]
M − 2A[µK∂KAν]M − YMKRS∂KA[µRAν]S
) )
(4.43)
Let us consider this. The third line will never be generated by δ¯ξ acting on any of the coordinates or
fields. It vanishes for D ≤ 5 by (4.29); for D = 6 the situation is similar to the discussion there, as
instead of just qMN (∂ˆCµνρ)
MN = 0 we require
qN
(
6tα
P
N∂PCµνρ
α + C˜µνρN
)
= 0 , (4.44)
which is the same calculation as needed for the gauge invariance requirement (4.31)
The fourth line involves the external metric gµν . It will also never be generated by δ¯ξ. One finds that
this is the only problematic term: all the rest can be obtained from δ¯ξ up to total derivatives. Thus,
δ¯ξLWZ = ǫαβqMN
(
∆ξBµν
MN∂αX
µ∂βX
ν + ∂αX
µδξAµ
MDβY
N
)
− ǫαβqMN∂αXνDβY NMMKgµν∂Kξµ .
(4.45)
The way to cancel this term is to combine it with contributions from the kinetic terms, alongside the
extra transformation δ′ξV
M
α we have heretofore neglected.
Combining kinetic and Wess-Zumino
Define ∆ˆξ to be the anomalous variation given by the difference between δ¯ξ and the expected variation.
We trial the full Lagrangian
L = xT√−γγαβgµν∂αXµ∂βXν + yT
√−γγαβMMNDαYMDβY N + LWZ , (4.46)
where x, y are numerical constants to be determined. The total anomalous variation of this is ∆ˆξL ≡
δ¯ξL(X,Y, V ; g,M, A,B)− L(X,Y, V ; δξg, δξM, δξA, δξB), where we have individually that
∆ˆξ(T
√−γγαβgµν∂αXµ∂βXν) = 2T
√−γγαβgµν∂MξµDαYM∂βXν
∆ˆξ(T
√−γγαβMMNDαYMDβY N ) = −2T
√−γγαβgµν∂MξµDαYM∂βXν
∆ˆξLWZ = −ǫαβqMN∂αXνDβY NMMKgµν∂Kξµ .
(4.47)
Hence,
∆ˆξL = 2(x− y)T
√−γγαβgµν∂MξµDαYM∂βXν + ǫαβqMNMNKgµν∂KξµDαYM∂βXν
+ δ′ξVα
M
(
2yT
√−γγαβMMNDβY N − ǫαβqMN (DβY N − V Nβ )
)
.
(4.48)
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To proceed, we need the following identity:
T 2∂M = qMNMNP qPQMQK∂K . (4.49)
To prove this, use the constraint (4.16) to write
T 2∂M =
1
2d
MPQMKLqPKqQL∂M
=
1
2d
MPQMKLY RSQLqPKqMR∂S
=
1
2d
MRLMSNY PKLNqPKqMR∂S
=MRLMSNqLNqMR∂S .
(4.50)
In going from the second to the third line, we used the fact that the generalised metric is a group element
and so preserves the Y-tensor. Then in going to the final line we used the fact that qMN ∈ R2. This
(rather unexpected) identity allows us to rewrite the anomalous variation as:
∆ˆξL = γαγǫ
γδ
T
√−γM
MP qPQMQK∂Kξµgµν∂δXν
(
T
√−γγαβMMNDβY N − 2(x− y)ǫαβqMN (DβY N − V Nβ )
)
+ δ′ξVα
M
(
2yT
√−γγαβMMNDβY N − ǫαβqMN (DβY N − V Nβ )
)
. (4.51)
Say we take
δ′ξV
M
α = −
z
T
√−γ γαβǫ
βγMMP qPQMQK∂Kξµgµν∂γXν (4.52)
for some constant z. To preserve VMα ∂M = 0 we need:
MMP qPQMQK∂M ⊗ ∂K = 0 , (4.53)
To show this, we note that in general one can write
qMN = ηMNMq
M (4.54)
where M is an R¯2 index, and ηMNM is an invariant tensor(an “eta-symbol” in the language of [51]),
which is basically just the projector of a pair of symmetric R1 indices into R2. Invariance of this tensor
implies that
MMPMNQηPQM = ηMNNMMN (4.55)
where MMN is the generalised metric in the R2 representation. The section condition is expressible as
ηMNM∂M ⊗ ∂N = 0. As a result,
MMP qPQMQK∂M ⊗ ∂K = ηMNMMMNqN∂M ⊗ ∂N = 0 (4.56)
by the section condition. For instance, for E6, we have qMN = dMNP q
P , as R2 = R¯1, and the section
condition is given in terms of the other cubic invariant as dMNP ∂M ⊗ ∂P = 0. The generalised metric
obeysMMPMNQMKLdMNP = dPQL and soMMP qPQMQK = dMKLMLNqN , confirming the general
result in this case.
The transformation (4.52) cancels the anomalous variation if 2yz = 1 and 2(x− y) = z. This implies
1
2y = 2(x− y), which also means that one can view the anomalous variation (first line of 4.51) as being
cancelled on-shell by the equation of motion of VMα (which can be read off the second line of 4.51).
Technically, it is the only the equations of motion of the non-zero components of VMα which can be used,
22
but as both VMα and MMP qPQMQK∂Kξµ are zero when contracted with ∂M , this is consistent.
We can not directly fix the coefficient z using the symmetry requirements considered above. However,
a more in-depth study of the constraint imposed by VMα allows us to set z = 1, as we now explain.
4.4 Fixing the action: twisted self-duality
Naively, the equation of motion of VMα suggests that we are using it to impose the following “twisted
self-duality” constraint:
DαY
M =
zγαβǫ
βγ
T
√−γ M
MNqNPDγY
P , (4.57)
where now DαY
M ≡ ∂αYM + ∂αXµAµM , which implies that
DαY
M =
z2
T 2
MMNqNPMPQqQKDαY K . (4.58)
Contracting with ∂M and using (4.49) we find that we must have z
2 = 1 otherwise DαY
M∂M = 0.
Actually, VMα ∂M = 0, so that not all components of V
M
α and its equation of motion are present. To
analyse the equation of motion of VMα , we need to first analyse the constraint (4.16). SplittingM = (i, A)
and solving the section condition as ∂i 6= 0, ∂A = 0, we can write (4.16) as
qMBY
Bk
PQ∂k = qPQ∂M (4.59)
where we know that Y ijPQ = 0 as otherwise ∂i 6= 0 would not solve the section condition. This also
means Y PQij = 0. Letting M = A we find
qABY
Bk
PQ∂k = 0⇒ qAB = 0 . (4.60)
We also have
qiCY
Cj
AB∂j = 0 , qiCY
Cj
Ak∂j = qkA∂i , qiCY
Cj
kl∂j = qkl∂i . (4.61)
As in general Y Aijk = 0, the last of these implies qij = 0. We conclude the only non-zero components of
qMN are qiA = qAi. This can also be obtained on a case-by-case basis for each D and follows from the
explicit formulas for qMN in the appendix.
Then, we can obtain from the T 2 identity (4.49) that
qAiqBj
(MiBMjk +MijMBk) = 0 , qAiqBj (MABMjk +MAjMAk) = T 2δki , (4.62)
while from (4.53) we learn that
qAkMk(iMj)A = 0 . (4.63)
Now, the general generalised metric takes a sort of Kaluza-Klein-esque form given the splitting M =
(i, A), and as studied in appendix A.2 can be parametrised as:
MMN =
(
M¯ij +MCDUiCUDj MBCUiC
MACUjC MAB
)
(4.64)
where
Ui
A ≡ (MAB)−1MiB , M¯ij ≡Mij −MCDUiCUjD . (4.65)
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The inverse, assuming that Mij and MAB are invertible, is
MMN =
(
M¯ij −M¯ikUkB
−M¯jkUkA (MAB)−1 + M¯klUkAUlB
)
, (4.66)
The equation of motion for the non-zero components V Aα is:
MAMDYM = 1
zT
qAi ⋆ DY
i , (4.67)
using ⋆ the worldsheet Hodge star for simplicity (⋆2 = 1 for Lorentzian worldsheets). This implies
DY A = (MAB)−1
(
1
zT
qBj ⋆ DY
j −MBjDY j
)
. (4.68)
In order to preserve formal ED(D) covariance, we want this equation of motion to imply the remaining
components of the constraint (4.57). This means we need
MijDY j = 1
zT
qiA ⋆ DY
A −MiADY A . (4.69)
Substituting in (4.68) and then making use of the identities (4.62) and (4.63) alongside the parametri-
sations (4.64) and (4.66) we find that this, and hence (4.57), holds, provided that z2 = 1.
We can now without loss of generality take z = 1 as changing the sign of z amounts to changing the
sign of the Wess-Zumino term, which is equivalent to q → −q.
Therefore requiring that all components of the twisted self-duality relation (4.57) follow from the
equation of motion of V fixes the action completely.
5 Reductions
5.1 Reduction to 10-dimensions
Consider the action (4.4). Split YM = (Y i, Y A) such that ∂i 6= 0 and ∂A = 0 defines a solution to the
section condition. Let S = S0 + SV where
S0 = −1
2
∫
d2σ
(
T
√−γγαβ
(
gαβ +
1
2
MijDαY iDβY j
)
+ ǫαβ
(
qMN
(
Bαβ
MN +Aα
M∂βY
N
)
+ qiMDαY
MDβY
i
) )
.
(5.1)
and
SV = −1
2
∫
d2σ
(
T
√−γγαβ
(
1
2
MABDαY ADβY B +MAiDαY ADβY i
)
− ǫαβqAMDαY AD¯βYM
)
.
(5.2)
Here
D¯αY
M = ∂αY
M +Aα
M , (5.3)
and we have shortened gαβ ≡ gµν∂αXµ∂βXν, and similarly for BαβMN and AαM .
Now, the non-zero components V A appear only in SV . To integrate them out, we can complete the
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square, resulting in
SV → −1
2
∫
d2σ
(
T
√−γγαβ(− 1
2
MiA(MAB)−1MBjDαY iDβY j
+
1
2T 2
(MAB)−1qAMqBN D¯αYM D¯βY N
)
+ ǫαβ(MAB)−1MBiqAMDαY iD¯βY N
)
.
(5.4)
Here we assume that we can invert the componentsMAB of the generalised matrix carrying dual indices
only. Next, we substitute in the result (see the appendix A.2)
Mij −MiA(MAB)−1MBj = Ω−1φij , (5.5)
where the conformal factor Ω = φω for M-theory and IIB sections starting from Einstein frame, and
Ω = φωe−4ωΦ for IIA sections starting from string frame. Then, using that qiA = qAi are the only
non-zero components of the charge, one has
S = −1
2
∫
d2σ
(
T
√−γγαβ(gαβ + 1
2
[
Ω−1φij +
1
T 2
(MAB)−1qAiqBj
]
DαY
iDβY
j
)
+ qAiǫ
αβ
(
2Bαβ
Ai + 2Aα
A∂βY
i +Aα
AAβ
i
+ (MAB)−1MBjDαY jDβY i + ∂αY A∂βY j
))
.
(5.6)
This can be further simplified in general terms: we note that from (4.64) as well as the combination of
(4.66) and (4.63) that
qiA(MAB)−1MBj = qiAUjA = q[i|A|Uj]A . (5.7)
We also have from (4.62) and (4.66) that
1
T 2
(MAB)−1qAiqBj = Ω−1φij . (5.8)
Hence, with X µˆ = (Xµ, Y i) and gˆµˆνˆ the 10-dimensional metric decomposed as in (A.1) we have found
S = −1
2
∫
d2σ
(
Ω−1T
√−γγαβ gˆµˆνˆ∂αX µˆ∂βX νˆ
+ qAiǫ
αβ
(
2Bαβ
Ai + 2Aα
A∂βY
i +Aα
AAβ
i + Uj
ADαY
jDβY
i + ∂αY
A∂βY
j
))
.
(5.9)
Note that the only place the dual coordinates appear is
S ⊃ −1
2
∫
d2σǫαβqAi∂αY
A∂βY
i . (5.10)
This is a total derivative. Recall that a similar term appears in the reduction of the doubled sigma model,
and is cancelled there by adding to the action a topological term (2.12) based on an antisymmetric tensor
ΩMN . Here we could define such an object to have non-vanishing components ΩAi = −ΩiA = qiA. This
is a bit different to the O(d, d) case, as such an ΩMN depends on the charge q, and so would be different in
IIA and IIB sections. It would be interesting to explore the uses and consequences of such an exceptional
topological term and symplectic form, either on the worldsheet or more speculatively in spacetime [52,53].
To complete the reduction, we must show that for explicit choices of q and parametrisations of the
EFT fields that we obtain known 1-brane actions. This can be done group by group. In section 6, we
will focus on the example of E6 in detail.
5.2 Reduction to the doubled sigma model
An alternative reduction one can do is to reduce from our exceptional sigma model to the doubled sigma
model itself. The Kaluza-Klein reduction of exceptional field theory to double field theory has been
examined in the internal sector in [54]. Let us write the EFT generalised metric as MMˆNˆ and split
the index Mˆ = (M,A) where M is an O(d, d) doubled index (here again d = D − 1 after starting with
ED(D)). We write
MMˆNˆ =
(
e4ωΦdHMN + φABAMAANB φBCAMC
φACAN
C φAB
)
(5.11)
where HMN is the usual DFT generalised metric, Φd is the doubled dilaton, AMA is generically a
vector-spinor containing the RR fields, and detφAB = e
−8ωdΦd (in requiring detMMˆNˆ = 1 we implicitly
exclude the SL(2) × R+ EFT from our general analysis – this case can be treated separately). We
assume that ∂A = 0. The Y-tensor components that are non-zero are Y
MN
PQ, Y
MA
NB and Y
AB
CD
(generally built from ηMN and the gamma matrices γM
AB, γMAB) and the constraint (4.16) then
implies that qAB = qAM = 0. The only non-zero components of the charge are qMN = TF1ηMN . Then
T (M, q) = TF1e−4ωΦd .
We now seek to integrate out the components V Aα . The Wess-Zumino term only involves the coordi-
nates YM , so we only need to look at the kinetic term, which contains
S ⊃ −TF1
4
∫
d2σ
√−γγαβ
(
HMNDαYMDβY N
+ e−4ωΦdφAB(DαY A +AMADαYM )(DβY B +ANBDβY N )
) (5.12)
from which one trivially uses the Vα
A equation of motion to eliminate the second line entire, leaving one
with the standard double sigma model, identifying the EFT components Bµν
MN and Aµ
M with their
DFT counterparts. (Note that choosing ∂A = 0 and then integrating out V
A
α means this reduction can
only give the F1, and not the D1.)
6 Example: the E6 exceptional sigma model
6.1 The charge constraint
Here we have YM in the 27 of E6. The charge in R¯2 = 27 is q
M . The constraint (4.16) is:
10dMNPd
PQRqN∂R = q
Q∂M . (6.1)
Contracting the free indices implies that qP∂P = 0.
We again check the unsurprising solutions:
• IIB section: here we decompose M = (i, iα, ij, α), where i = 1, . . . , 5 and α the usual SL(2) index.
We have ∂i 6= 0 and ∂iα = ∂ij = ∂α = 0. One finds
qk∂i = 0 , q[i|α∂|j] = 0 , δ
[k
i q
l]j∂j = 0 , ǫ
ijklmqlα∂m = 0 , q
ij∂j = 0 (6.2)
and the only solution is again qα 6= 0 and the others zero. The non-zero components of the charge
qMN are:
qi
ja =
1√
10
δji ǫ
abqb . (6.3)
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• M-theory section: let M = (i, ij , i¯) with i, i¯ = 1, . . . , 6 and ij antisymmetric. The section choice is
∂i 6= 0, ∂ij = 0 = ∂i¯. We see immediately that qi = 0. One finds the constraints:
qi¯∂i = 0 , ǫ
ijklmnqlm∂n = 0 , q
[kδ
l]
[i∂j] = 0 . (6.4)
There are no solutions.
• IIA section: we now take one of the M-theory directions i = 1 (say) to be an isometry, ∂1 = 0.
This allows for q1¯ 6= 0, giving the F1 string, with all other charge components zero. The non-zero
components of the charge qMN are:
qi
kˆlˆ =
q1¯√
5
δ
[kˆ
i δ
lˆ]
1 ⇒ qij1 =
q1¯
2
√
5
δji . (6.5)
where kˆ = (k, 1) includes the 5 IIA directions labelled by i and the M-theory direction labelled by
1.
The tension can be written as T = 1√
10
√
qMqNMMN .
6.2 Reduction to IIA F1
In appendix A.3, the dictionary relating the EFT fields to those of 11-dimensional supergravity is given.
It is convenient to continue to use the 11-dimensional variables for a time. Let iˆ = (i, 1) denote the 5-
dimensional internal IIA index i along with the single index “1” corresponding to the M-theory direction.
We write the 27-dimensional R1 index as M = (i, A) where now Y
A = (Y
¯ˆi, Yiˆjˆ , Y
1). The IIA string
corresponds to q1¯ 6= 0. We let q1¯ = q. The symmetric charge qMN = dMNP qP has non-zero components
as in (6.5). Using appendix A.3, we can extract the dual components of the generalised metric, finding
MAB = UACUBDM¯CD (6.6)
with
UA
C =


δmˆ
iˆ
0 0
+ 1√
2
A˜iˆjˆmˆ δ
[ˆijˆ]
mˆnˆ 0
−δmˆ1 ϕ+ 14 A˜mˆpˆqˆA1pˆqˆ + 1√2A1mˆnˆ 1

 , M¯CD =


φˆ−2/3φˆmˆpˆ 0 0
0 φˆ1/3φˆpˆ[mˆφnˆ]qˆ 0
0 0 φˆ1/3φˆ11

 .
(6.7)
Here φˆiˆjˆ denote the internal components of the 11-dimensional metric, while Aiˆjˆkˆ are the internal
components of the 11-dimensional three-form. We have also let A˜iˆjˆmˆ = 16ǫ
iˆjˆkˆmˆnˆpˆAmˆnˆpˆ. The inverse may
be straightforwardly calculated: U−1 is obtained by flipping the signs of ϕ and Cijk in U . Let us call
MˆAB ≡ (MAB)−1.
We also need to know the components of MAk = (M¯ˆik,Miˆjˆ k,M1k). We find that
MAk = UABM¯Bk , M¯Ak =


−φˆ−2/3φˆiˆkϕ+ 14 φˆ−2/3φˆiˆpˆA˜pˆqˆrˆAkqˆrˆ
+ 1√
2
φˆ1/3φˆiˆpˆφˆjˆqˆAkpˆqˆ
φˆ1/3φˆ1k

 (6.8)
From this one finds that
(MAB)−1MBi = (U−T )AB(M¯BC)−1M¯Ci , (6.9)
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where
(M¯AB)−1M¯Bk =


−ϕδiˆk + 14 A˜iˆpˆqˆAkpˆqˆ
+ 1√
2
Akiˆjˆ
φˆ−111 φˆ1k

 . (6.10)
The kinetic term
The tension gives
T =
1√
10
√
MMNqMqN = 1√
10
q
√
M1¯1¯ =
1√
10
q
√
φˆ−2/3φˆ11 , (6.11)
Recall that φˆ is still the M-theory internal metric. Let us denote the IIA one by φij . We have
φˆij − φˆi1φˆj1
φˆ11
= e−2Φ/3φij , det φˆ = e−2Φ detφ , φˆ11 = e4Φ/3 , (6.12)
where Φ is the IIA dilaton. As a result, we find
T =
1√
10
qφ−1/3e+4Φ/3 . (6.13)
Note that here the conformal factor Ω = φ−1/3e+4Φ/3 appears. We identify q =
√
10TF1. We can verify
the rest of the kinetic term works out explicitly in this case. Consider the quantity
1
2T 2
(MAB)−1qAiqBjDαY iDβY j = 1
φˆ−2/3φˆ11
(Mˆi1,j1)DαY iDβY j , (6.14)
appearing in (5.6). Using the parametrisations above (recall MˆAB ≡ (MAB)−1), we find
Mˆiˆjˆ,kˆlˆ = φˆ−1/3φˆkˆ[ˆiφˆjˆ]lˆ +
1
2φˆ1/3φˆ11
A1ˆijˆA1kˆlˆ ⇒ Mˆi1,j1 =
1
2
φˆ−1/3(φˆij φˆ11 − φˆi1φˆj1) , (6.15)
and so
1
2T 2
(MAB)−1qAiqBjDαY iDβY j = 1
2
φ1/3e−4Φ/3φijDαY iDβY j . (6.16)
Then as expected the kinetic term of (5.9) becomes
Skin = −TF1
2
∫
d2σ
√−γγαβ gˆµˆνˆ∂αX µˆ∂βX νˆ (6.17)
where X µˆ = (Xµ, Y i) are the usual ten-dimensional coordinates.
The Wess-Zumino term
The Wess-Zumino term from (5.6) is found on using the result for the charge (6.5) to be:
LWZ = q√
5
ǫαβ
(√
5Bαβ1¯ + 2Aαi1∂βY
i +Aαi1Aβ
i − (Mi1,B)−1MBjDαY iDβY j
)
. (6.18)
From (6.7), (6.9) and (6.10), one finds that
(Mkˆlˆ,B)−1MBj = +
1√
2
Ajkˆlˆ +
1√
2
φˆj1
φˆ11
Akˆlˆ1 ⇒ (Mi1,B)−1MBj = −
1√
2
Aij1 . (6.19)
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The EFT dictionary of appendix A.3 provides us with the information that:
Aµi1 =
1√
2
(Cˆµi1 +Aµ
jCˆij1) ,
√
5Bµν1¯ =
1√
2
(Cˆµν1 +A[µ
iCˆν]i1) , (6.20)
where Cˆµˆνˆρˆ denotes the 11-dimensional three-form with kinetic term − 148F 2. We therefore find
LWZ = q√
10
ǫαβ
(
Cˆαβ1 + 2Cˆαi1∂βY
i + Cˆij1∂αY
i∂βY
j
)
. (6.21)
Identifying as usual Cˆµˆνˆ1 = Bˆµˆνˆ with Bˆµˆνˆ the 10-dimensional B-field with kinetic term − 112H2, and
q ≡ TF1
√
10 we find the standard Wess-Zumino term for the fundamental string.
6.3 Reduction to IIB (m,n) string
We now turn to the IIB section. We have YM = (Y i, Yia, Y
ij , Ya) where i = 1, . . . , 5 and a = 1, 2.
The charges allowed are qa. The non-zero components of the charge qMN are given by (6.3). We can
turn directly to the papers [13, 48] to find the generalised metric. The dual components can be written
succintly as
MAB = UACUBDM¯CD , (6.22)
with
M¯AB =


φ1/3φijmab 0 0
0 φ−2/3φi[kφl]j 0
0 0 φ−2/3mab

 , (6.23)
UA
C =


δimδ
a
c
1√
2
ǫimnpqbpq
a 1
2ǫ
ipqrs(ǫbdbpq
abrs
d − 112δabCpqrs)
0 δ
[mn]
ij
√
2ǫcdbij
d
0 0 δac

 . (6.24)
Here φij are the internal components of the 10-dimensional Einstein frame metric, m
ab is an SL(2)/SO(2)
matrix, bij
a = −2Cˆija, where Cˆija are the internal components of the two-form doublet, and Cijkl are
related to the internal components of the RR four-form. In addition we have
MAi = UABM¯Bi , (6.25)
with4
M¯Ai =


−2bijcǫbcφ1/3φjkmab
− 1
6
√
2
φ−2/3φkpφlqǫpqrst(Cirst − 6ǫcdbircbstd)
2
3φ
−2/3mbcǫkpqrs(bik [abpqb]brsc + 18ǫ
abbik
cCpqrs)

 . (6.26)
Kinetic term
Using the charge (6.3) and the above expressions for the generalised metric parametrisation, we find
that:
T 2 =
1
10
φ−2/3mabqaqb , (MAB)−1qAiqBj = 1
10
φ−1/3φijmabqaqb . (6.27)
Hence,
Skin = −1
2
∫
d2σ
√
qaqbmab
10
√−γγαβ gˆµˆνˆ∂αX µˆ∂βX νˆ , (6.28)
4The expression for Mkai is not provided in [13] or [48] and we are grateful to Henning Samtleben for providing us with
the missing details. One can also verify this component by studying its transformation under generalised diffeomorphisms.
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where gˆµˆνˆ is the 10-dimensional Einstein frame metric, X
µˆ = (Xµ, Y i). If we write
qa =
√
10TF1(m,n) , (6.29)
and parametrise the SL(2)/SO(2) coset matrix mab as
mab = eΦ
(
1 C(0)
C(0) (C(0))
2 + e−2Φ
)
, (6.30)
then, in terms of the string frame metric gˆstrµˆνˆ = e
Φ/2gˆµˆνˆ , the action takes the form
Skin = −TF1
2
∫
d2σ
√
e−2Φn2 + (m+ C(0)n)2
√−γγαβ gˆstrµˆνˆ ∂αX µˆ∂βX νˆ . (6.31)
This is a form of the action for an (m,n) string. It is related to the F1 action by an S-duality trans-
formation from (1, 0) to (m,n), and can be obtained from the usual D1 action by integrating out the
Born-Infeld vector [55]. We see that for (m,n) = (1, 0) we immediately get the F1 action, while for
(m,n) = (0, 1) we get an action with tension TD1 = g
−1
s TF1.
Wess-Zumino term
We find that
qAi(MAB)−1MBj = 1√
10
2qabij
a , (6.32)
and hence the Wess-Zumino term from (5.6) is found to be:
LWZ = 1√
10
qaǫ
αβ(
√
10Bαβ
a − ǫab2Aαib∂βY i − ǫabAαibAβi − 2bijaDαY iDβY j)) . (6.33)
The EFT dictionary of appendix A.4 tells us that
−2bija = Cˆija ,
√
10Bµν
a = Cˆµν
a +A[µ
kCˆν]k
a , Aµia = ǫab(Cˆµi
b +Aµ
jCˆij
b) , (6.34)
from which one gets
LWZ = 1√
10
qa
(
Cˆαβ
a + 2Cˆαi∂βY
i + Cˆij
a∂αY
i∂βY
j
)
(6.35)
so with qa =
√
10q˜a =
√
10TF1(m,n) we find
LWZ = ǫαβ q˜aCˆµˆνˆ a∂αX µˆ∂βX νˆ , (6.36)
which is the expected result.
7 Fradkin-Tseytlin term
The doubled sigma model can be extended with the addition of a Fradkin-Tseytlin term using the doubled
dilaton Φd, which is related to the usual dilaton Φ by Φd = Φ− 14 log detφ. This doubled FT term [5] is
just:
SFT =
1
4π
∫
d2σ
√−γΦdR (7.1)
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where R is the worldsheet Ricci scalar. Integrating out the gauge fields Vαi from the action
S ⊃ TF1
4
∫
d2σ
√−γγαβMijVαiVβj (7.2)
generates a shift of the doubled dilaton
Φd → Φd − 1
4
log det(Mij) = Φd + 1
4
log detφ = Φ (7.3)
which turns the doubled FT term into the ordinary FT term with the conventional normalisation, thereby
fixing its coefficient relative to the rest of the doubled sigma model.
We can consider something similar for our exceptional sigma model. Although there is no exceptional
dilaton, we propose to use T (M, q)/TF1 to write down a scalar. Effectively, the charge qMN allows us
to construct a scalar. One can check that:
T 2(M, q)/T 2F1 =

(φ
−2e8Φ)1/(n−2) IIA
φ−2/(n−2)(e−Φn2 + eΦ(m+ C(0)n)2) IIB
, (7.4)
while
detMAB =

(φ
−2e(10−n)Φ)4/(n−2) IIA
(φ−2)4/(n−2) IIB
. (7.5)
Hence, the combination
log
[( T 2
T 2F1
)
(detM)−1/4
]
=

Φ IIAlog(e−Φn2 + eΦ(m+ C(0)n)2) IIB . (7.6)
which therefore recovers the string dilaton in IIA and in IIB for m = 1, n = 0.
We integrate out the vector fields V Aα from
S ⊃ TF1
4
∫
d2σ
√−γγαβ (T/TF1)MABV Aα V Bβ (7.7)
which produces a term
1
4π
∫ √−γ(−1
4
log det((T/TF1)MAB)
)
R (7.8)
As det(TMAB) = T dimR1−d detMAB, we combine this with the exceptional sigma model Fradkin-
Tseytlin term:
1
4π
∫ √−γ 1
4
(dimR1 − d+ 8) log (T/TF1)R (7.9)
so that the integration out of the V Aα produces the conventional FT term, at least for the IIA string and
(1, 0) IIB string.
It may seem strange that the coefficient depends on dimR1 and d and so differs from group to group,
while the rest of the exceptional sigma model action took a universal form. However, this is in fact
natural and consistent with the fact that one could reduce from ED(D) to ED−1(D−1) by integrating out
a subset of the dual coordinates, thereby altering the term (7.9).
It is also possible to obtain the doubled dilaton Fradkin-Tseytlin term for the doubled sigma model
directly. The reduction from the exceptional sigma model to the doubled sigma model was explained in
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section 5.2. The tension T/TF1 = e
−4ωΦd . Hence (7.9) is initially
1
4π
∫ √−γ(− dimR1 + d− 8)ωΦdR (7.10)
to which we add after integrating out
1
4π
∫ √−γ(−1
4
)
log(det(e−4ωΦdφAB))R . (7.11)
As det(e−4ωΦdφAB) = e−4ω(dimR1−2d)Φde−8ωdΦd = e−4ω dimR1Φd and ω = − 1n−2 = 1d−8 the combination
of (7.10) and (7.11) gives exactly (7.1).
8 Quasi-tensionless uplift
In [30], the following action for the R1 multiplet of particle states in n dimensions:
S =
∫
dτ
(
−
√
pMpNMMN
√
− det gµνX˙µX˙ν + pM X˙µAµM
)
(8.1)
was shown to uplift to the action for a massless particle on the extended spacetime of DFT/EFT:
S =
∫
dτ
λ
2
(
gµνX˙
µX˙ν +MMN (Y˙M + VM + X˙µAµM )(Y˙ N + V N + X˙µAµN )
)
, (8.2)
with the momenta in the extended directions YM corresponding to the masses/charges pM .
One might wonder whether our string action could be interpreted as that of a tensionless string in
the extended spacetime. However, although massless particles reduce to massive particles on reduction
(which underlies the relationship between the two forms of the particle action), tensionless strings do not
reduce to tensionful strings. Early explorations of this concept [56–58] found that one can instead replace
the string tension with a dynamical one-form, which may have some (unclear) geometrical interpretation.
These ideas led, by combining the tension one-form with the Born-Infeld one-form to the SL(2) covariant
description of the F1 and D1 [32, 33]. The actions of [32, 33, 58] can be termed “quasi-tensionless” in
that they take the form S ∼ ∫ d2σλ(det g + (⋆F2)2), where λ is a Lagrange multiplier and F2 is the
field strength for some worldsheet one-forms. If the (⋆F2)
2 term was not present, then this would be a
tensionless action.
In general, one would encode the tension of p-brane in terms of a worldvolume p form. For the particle
case, this is a worldline scalar. In the action (8.2), these scalars are the YM , which can be interpreted as
target space coordinates. The action evidently takes the form we have just mentioned, where the field
strength of the YM is Y˙M + . . . . However, the target space interpretation is indeed that it is tensionless
(i.e. massless).
Let us see how one can take a similar approach to our exceptional sigma model action, (1.1). Inte-
grating out the worldsheet metric, we can write the action as:
S =
∫
d2σ
(
−T
√
− det
(
g +
1
2
M
)
− 1
2
ǫαβqMNBαβMN
)
(8.3)
where BαβMN = BµνMN∂αXµ∂βXν + . . . denotes the full Wess-Zumino term, and g+ 12M is shorthand
for gµν∂αX
µ∂βX
ν + 12MMNDαYMDβY N .
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The action (8.3) can be obtained from the following quasi-tensionless action:
S =
∫
d2σ
1
2
λ
(
det
(
g +
1
2
M
)
+ 2dMMPMNQǫαβǫγδ
(
∂αZ
MN
β +
1
2
BαβMN
)(
∂γZ
PQ
δ +
1
2
BγδPQ
))
.
(8.4)
To demonstate this, we remove the new worldsheet one-form Zα ∈ R2 following [32]. Define the momen-
tum (we have ǫ01 = −1)
QMN =
∂L
∂Z˙MN1
= −λ2dMMPMNQǫαβ
(
∂αZ
PQ
β +
1
2
BαβPQ
)
. (8.5)
The action in Hamiltonian form is:
S =
∫
d2σ
(
Z˙MN1 QMN −H
)
=
∫
d2σ
(
Z˙MN1 QMN −
1
2λ
1
2d
MMPMNQQMPQNQ + λ
2
det
(
g +
1
2
M
)
−QMN
(
Z ′MN0 +
1
2
ǫαβBαβMN
))
.
(8.6)
Now Z0 and Z1 play the role of Lagrange multipliers, setting QMN = qMN to be constant. Replacing it
in the action correspondingly, we get
S =
∫
d2σ
(
− 1
2λ
T 2 +
λ
2
det
(
g +
1
2
M
)
− 1
2
qMN ǫ
αβBαβMN
)
(8.7)
and integrating out λ leads to (8.3).
We must then confront the issue that, just as in [30] the initial particle action involved the field
strength Y˙M + X˙µAµ
M which was not covariant under generalised diffeomorphisms, the naive field
strength we have used here, ∂αZ
MN
β +
1
2BαβMN , will not be invariant under gauge transformations:
we know that the Wess-Zumino term only transforms as a total derivative (which can be cancelled by
assigning Zα
MN the approriate transformation) when contracted with an appropriately constrained qMN .
The solution in the particle case was to introduce VM , a worldline one-form. The generalisation of this
is to introduce a worldsheet two-form, Wαβ . This gives the beginnings of a worldvolume mirroring of
the tensor hierarchy for p-branes:
p Charge Coordinate Gauge field
0 pM Y
M Vα
M
1 qMN Zα
MN Wαβ
MN
...
(8.8)
It is interesting to compare the situation here with the suggestions in [50] that one could introduce ex-
tended “coordinates” associated to each gauge transformation parameter in the tensor hierarchy, leading
to a notion of an extended “mega-space” beyond that already used involving just YM . (The dual coordi-
nates contained in the latter are of course already associated to the purely internal gauge transformation
parameters.) This may therefore be “natural” from the point of view of branes in EFT, though it is not
clear that one should really view for instance Zα
MN , which is a worldvolume one-form, as something
geometric in extended spacetime.
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Under a gauge transformation,
δλBαβ
MN = 2∂[α(λµ
MN∂β]X
µ) + ∆αβ
MN , (8.9)
where ∆αβ
MN denotes the anomalous transformation. This vanishes for ∂M = 0 and obeys qMN∆αβ
MN =
0 for appropriately constrained qMN , and so we require
δλZα
MN = −λµMN∂αXµ ,
δλW
MN
αβ = −
1
2
∆αβ
MN .
(8.10)
Evidently, we need to impose constraints on WMNαβ which are dual to those (4.16) on qMN . These take
a cumbersome form which we will not display here. Then, the full action
S −
∫
d2σ
1
2
λ
(
det
(
g +
1
2
M
)
+ 2dMMPMNQFMNFPQ
)
(8.11)
with
FMN ≡ ǫαβ
(
∂αZ
MN
β +W
MN
αβ +
1
2
BαβMN
)
(8.12)
leads to (8.3) plus the extra term: ∫
d2σǫαβqMNW
MN
αβ . (8.13)
The equation of motion for the non-zero components of the constrainedWMNαβ then sets to zero exactly the
components of qMN which must vanish by the constraint (4.16). With the constraint on W understood
we propose that the action (8.11) represents the quasi-tensionless uplift of the exceptional sigma model.
We may also wonder about the checks of how (8.11) respects generalised diffeomorphism and external
diffeomorphism invariance. Consider the transformation of the Wess-Zumino term, BαβMN . We know
that under any of the transformations that we care about, this transforms into a sum of the following
pieces: total derivatives, anomalous terms that vanish on contraction with qMN , and the anomalous
terms arising in the case of external diffeomorphisms that were cancelled using contributions from the
transformations of the kinetic terms. The total derivative type transformations can be cancelled by
appropriate transformations of ZMNα , while those that vanish against qMN can be safely absorbed into
transformations of Wαβ
MN . The sole subtlety here is that one must take the Lagrange multiplier, λ, to
transform under generalised diffeomorphisms and external diffeomorphisms in order to cancel the extra
weight terms, similarly to the particle case [30].
As a result, the only danger appears to lie in the final anomalous part of the transformation under
external diffeomorphisms. In this case, we can write the total potentially anomalous variation as, using
(4.47) without the T ,
∆ˆξS =
∫
d2σ
1
2
λ
(
gµν∂αX
µ∂P ξ
ν
(
detG GαβDβY P − 2dǫαβMMNFNPDβYM
)
+ δ˜ξV
M
α MMN
(
detG GαβDβY N − 2dǫαβMKPFNP D¯βY K
)
+ δ′ξW
MN
αβ 4dMMPMNQFPQǫαβ
)
,
(8.14)
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where Gαβ ≡ gαβ + 12Mαβ , D¯αYM = DαYM − VMα . The following extra tranformations of V and W :
δ˜ξV
M
α = −2d
Gαβǫβγ
detG F
MP∂P ξ
µgµν∂γX
ν ,
δ′ξW
MN
αβ =
1
2
ǫ[α|γ|Gγδ∂β]Xµgµν∂P ξν
(
FMN D¯δY
P − 2dFP (M D¯δY N)
)
,
(8.15)
lead to
∆ˆξS =
∫
d2σ
1
2
λGαβgµν∂αXµ∂KξνD¯βY K
(
detG + 2dMMPMNQFMNFPQ
)
. (8.16)
The quantity in brackets is zero by the quasi-tensionless condition enforced by the equation of motion
of λ: evidently we can cancel it off-shell by additionally taking
δ˜ξλ = −Gαβgµν∂αXµ∂KξνD¯βY K . (8.17)
We conclude that the uplifted action (8.11) shares the same features as our original action (1.1) with
respect to the invariances of EFT.
Note that the transformation δ′ξV
M
α in 8.15 is equal to the transformation (4.52) on making use of
the equations of motion for ZMNα and λ used in the reduction, and that for the worldsheet metric γαβ .
Finally, we must check that the transformation δ˜ξW
MN
αβ does not break the constraints we wanted
to impose on WMNαβ . One way to confirm this is to use the fact that as F
MN ∈ R2 we have FMN =
1
2dY
MN
KLF
KL, so that δ˜ξW
MN
αβ is proportional to
D¯Y QFKL
(
δMK δ
N
L ∂Q − Y P (MKLδN)Q ∂P
)
(8.18)
which when contracted with qMN gives qKL∂Q − qMQYMPKL∂P i.e. it leads to the constraint (4.16).
9 Comments on branes
9.1 Exceptional democracy (and why 10-dimensional sections are special)
In this paper, we taken a route towards a reformulation of one-brane actions that began with exceptional
field theory. The latter is a reformulation of supergravity; there is much more to life than supergravity,
and so our work forms part of the bigger picture of attempting to describe all the usual interesting braney
features of string theory or M-theory in ED(D) covariant language. The motivation here is to view EFT
as a new organising principle for string and M-theory. This organising principle knows something about
the dualities that appear on toroidal reduction, but beyond that it provides access to a formulation that
underlies different limits of the duality web - the same EFT structure elegantly describes 11-dimensional
and 10-dimensional supergravities in one systematic fashion.
Our approach towards branes suggests we should attempt to construct p-brane actions coupling to
the generalised p-form fields of EFT. (One might envisage some difficulties here. Magnetic branes will
couple to dualisations of the usual gauge potentials, which in EFT will ultimately involve exotic duals of
various sorts. The description of branes whose worldvolume dimension exceeds the number of external
directions in the EFT is also not immediately clear, but presumably involves coupling to generalised forms
of such a type. Of course, the doubled string is known to work when there are no external directions,
while a doubled five-brane action [59] can also be constructed, which indeed involves a WZ coupling
to an unusual generalised O(D,D) four-form, which at least linearly can be viewed as the dual of the
generalised metric [60]). Supposing this is possible, we have a picture of an ED(D) covariant theory in
which p-branes for all p are present, coupling to an extended tensor hierarchy of generalised form fields
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and to the generalised metric.
This amounts to a reorganisation of the description of branes in the usual type II and M-theory
pictures. We can view this as an exceptional brane democracy. Solving the section condition to give
the standard 11-dimensional, 10-dimensional type IIA and 10-dimensional type IIB sections, these brane
actions – which will be characterised by charges including and generalising our qMN , obeying particular
constraints – collapse down to the usual ones. This leads to the observation, starting from the point of
view of the extended theory, that 10-dimensional sections are special, because these contain a fundamental
brane - the F1.
9.2 Membranes and topological terms
Let us look ahead to membranes in particular. These couple to the EFT field Cµνρ ∈ R3. As before,
to describe these, we will be led to introduce a constant charge q ∈ R¯3. We expect there to be a
constraint on q, which we would anticipate to follow from requiring LΛq = 0. Then we would build up
the Wess-Zumino term as before.
An interesting question here would be to see if there is a topological term for membranes. We
commented already on the fact that one could perhaps define a symplectic form ΩMN using the total
derivative that is left after integrating out the dual components V Aα . In EFT, which, if we view it as
a glimpse into the exceptional geometry of M-theory, has no brane more fundamental than any other,
it seems that one should expect to collect a collection of symplectic p-forms for each brane worlvolume.
Whether these play any role in the spacetime theory, as ΩMN does in some approaches to doubled
geometry based on a doubled sigma model [52, 53], is then an interesting question.
As an example, let us consider the group SL(5). Here the three-form Cµνρ
a is in the five-dimensional
fundamental representation, for which we use the indices a, b, c, . . . . The charge qa should satisfy q[a∂bc] =
0 (which has appeared in a similar setting in [61, 62]). The M-theory section is defined by splitting
a = (i, 5) and taking ∂i5 6= 0, ∂ij = 0. A natural guess, based on the available index contractions, for a
topological term would be something like:
S ⊃ −1
2
∫
d3σǫαβγq5ǫijkl5∂αY
ij∂βY
k5∂γY
l5 , (9.1)
leading to a totally antisymmetric ΩMNP with Ωij,k5,l5 ∼ ǫijkl. We may recall that T-duality of strings
is basically a canonical transformation in phase space: the generalisation from symplectic two-forms to
symplectic p-forms leads from Hamiltonian to Nambu mechanics. In the simplest generalisation, with
p = 3, phase space is 3N dimensional with canonical triples of phase space coordinates (rather than
coordinate/momenta pairs). It looks likely that one can view the set of coordinates Y ij , Y k5, Y l5 as a
set of “Nambu triples”, with for fixed i 6= j, Y i5, Y j5 and 12ǫijklYkl a Nambu triple. This may shed light
on the full structure of the exceptional geometry, and we will continue this investigation in future work.
(Of course, beyond SL(5), coordinates that can be associated to M5 windings will appear also.)
10 Conclusions
In this paper, we have thoroughly investigated the exceptional sigma model, whose form we wrote down
in [20]. This is the action for a string coupled to a background of exceptional field theory, a unified
reformulation of the 11-dimensional and type II supergravities. It generalises the doubled sigma model
based on O(d, d) to the exceptional groups ED(D).
One can view the exceptional sigma model action in four ways:
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• as an action for a multiplet of charged strings in an “extended spacetime”, with extra worldsheet
scalars corresponding to dual directions,
• as an action for the usual 1-brane states in 10 dimensions on integrating out these dual coordinates,
• as an action for strings corresponding to wrapped branes in n-dimensions, on further reduction,
• and also, by encoding the charges q as the momenta for further worldsheet one-forms, the action
(1.1) becomes that of a quasi-tensionless string (8.4) generalising the SL(2) covariant string [32,33].
Our approach was grounded in respecting the local symmetries of exceptional field theory. We were
able to construct the Wess-Zumino term by requiring invariance under gauge transformations of the EFT
generalised two-form, and showed that requiring a form of covariance under the generalised and external
diffeomorphism transformations allowed us to essentially fix the whole Polyakov-style Weyl invariant
action.
We should note that one limitation of the present paper was that we effectively restricted ourselves
to D ≤ 6, where one can use a common general description of the ED(D) EFTs. For D = 7, the Y-tensor
is no longer symmetric, and one has in addition to the standard generalised two-form an additional
covariantly constrained two-form in R¯1. However, it is likely that the exceptional sigma model can be
constructed in this case (for the standard generalised two-form), and we should do this.
It would be interesting to further explore our action in the case ∂M = 0, corresponding to a (torodial)
reduction to n-dimensions, where the ED(D) symmetry of the action becomes the standard U-duality.
Perhaps one can study, or define, U-fold backgrounds from the sigma model, just as the double sigma
model was introduced in order to better understand T-folds.
There are some other obvious problems that should be addressed in the future. We should super-
symmetrise the exceptional sigma model. The beta functional equations should provide some truncation
of the full EFT field equations. We know already that the background field equations following from
the doubled sigma model lead to those of DFT [22–24]. One might therefore expect to obtain the same
equations, with the replacement Bµν → qMNBµνMN . There are question marks here about how exactly
one makes sense of the (possible) appearance of the charge q, and how much information one can really
extract from this procedure.
We have assumed throughout that the generalised metric admits a standard parametrisation on
section in terms of the usual spacetime fields. This was important in integrating out the dual coordinates,
for example, where we needed to assume invertibility of some block of the generalised metric. This
assumption ignores the possibility of alternative “non-Riemannian” parametrisations which have been
explored for the doubled sigma model in [31,63]. This would also be interesting to consider in the context
of our exceptional sigma model.
Also, in this paper we generalised the doubled string action of Hull [4,5]. An alternative (equivalent)
approach is that of Tseytlin [2, 3] where the chirality constraint — what we called twisted self-duality
earlier — follows from the equations of motion without the introduction of a gauge field VMα at the cost
of losing manifest Lorentz invariance (which can be recovered using a PST-style approach as for instance
in [64]). It would be intriguing to see if these methods apply to the exceptional sigma model, perhaps
using an action of the form
S = −1
2
∫
d2σ
(
qMND0Y
MD1Y
M − TMMND1YMD1Y N + . . .
)
. (10.1)
This involves qMN playing the role of the O(d, d) metric ηMN . A Hamiltonian study of doubled string
actions of this form shows that worldsheet diffeomorphism invariance leads to the section condition on
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the background fields [65], and this would be intriguing to see here. Such methods could also be applied
to quantise the Hull-type exceptional sigma model we have used [66].
Finally, as we have already mentioned, our approach could in principle lead to the actions for branes
of higher worldvolume dimension coupled to the EFT fields, and thus to “U-duality-covariant” branes.
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A EFT dictionaries
A.1 Supergravity, decomposed
Let gˆµˆνˆ denote the metric of 10- or 11-dimensional supergravity. We split the coordinates X
µˆ = (Xµ, Y i)
and take the metric to be given by
gˆµˆνˆ =
(
Ωgµν + φklAµ
kAν
l φjkAµ
k
φikAν
k φij
)
. (A.1)
This amounts to a Lorentz gauge fixing that breaks SO(1, 10)→ SO(1, n− 1)× SO(D). If gˆµˆνˆ is the 10-
or 11-dimensional Einstein frame metric, the conformal factor is Ω = φω, while if it is a 10-dimensional
string frame metric, then Ω = φωe−4Φω. Here ω = 0 in DFT and ω = − 1n−2 in EFT (and φ ≡ | detφ|).
Note that this guarantees that EFT reduces to Einstein frame in n dimensions, while DFT reduces from
10-dimensional string frame to n-dimensional string frame with the generalised dilaton e−2Φd = e−2Φφ1/2.
Now consider the form fields, Cˆµˆ1...µˆp . To define covariant n-dimensional p-forms, it is convenient to
treat these to the standard field redefinition, whereby
Aµ1...µpi1...iq = eˆµ1
a¯1 eˆa¯1
µˆ1 . . . eˆµp
a¯p eˆa¯p
µˆp Cˆµˆ1...µˆpi1...iq (A.2)
with eˆµˆ
aˆ the vielbein for the metric gˆµˆνˆ , and a¯ the flat n-dimensional index.
Let us apply this to the 11-dimensional three-form, Cˆµˆνˆρˆ. This procedure leads to:
Amnp = Cˆmnp ,
Aµmn = Cˆµmn −AµkCˆkmn ,
Aµνm = Cˆµνm − 2A[µkCˆν]mk +AµkAν lCˆmkl ,
Aµνρ = Cˆµνρ − 3A[µkCˆνρ]k + 3A[µkAνlCˆρ]kl −AµkAνlAρmCˆklm ,
(A.3)
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where Aµ
k is the KK vector. The inverse relations are
Cˆmnp = Amnp ,
Cˆµmn = Aµmn +Aµ
kAkmn ,
Cˆµνm = Aµνm + 2A[µ
kAν]mk +Aµ
kAν
lAmkl ,
Cˆµνρ = Aµνρ + 3A[µ
kAνρ]k + 3A[µ
kAν
lAρ]kl +Aµ
kAν
lAρ
mAklm , .
(A.4)
Similarly, for type IIB, let Cˆµˆνˆ
α denote the doublet of two-forms. We define
Aij
α = Cˆij
α ,
Aµi
α = Cˆµi
α −AµjCˆjiα ,
Aµν
α = Cˆµν
α − 2A[µjC|j|ν]α +AµiAνjCˆijα .
(A.5)
The four-form redefinitions are not needed in this paper.
Unfortunately, the above fields will not immediately correspond to components of the generalised
form fields appearing in EFT, which may in fact be further redefinitions of the above. This must be
checked on a case-by-case basis. We will provide the details for E6 below.
A.2 Properties of the generalised metric
Here we record some useful and very general facts about the generalised metric, MMN . Let us split
the extended coordinates as YM = (Y i, Y A), where the Y i are physical and the Y A are dual. Then the
generalised metric can be decomposed as
MMN =
(
M¯ij +MCDUiCUDj MBCUiC
MACUjC MAB
)
, Ui
A ≡ (MAB)−1MiB (A.6)
and where
M¯ij =Mij −MCDUiCUjD . (A.7)
The inverse, assuming that Mij and MAB are invertible, is
MMN =
(
M¯ij −M¯ikUkB
−M¯jkUkA (MAB)−1 + M¯klUkAUlB
)
, (A.8)
where M¯ij ≡ (M¯ij)−1.
For ΛM = (Λi, λA) one has
LΛMij = LΛMij + 2∂(iλCMj)C − 2Y CkD(i|∂kλDM|j)C ,
LΛMiA = LΛMiA + ∂iλCMAB − 2Y CkD(i|∂kλDM|A)C ,
LΛMAB = LΛMAB − 2Y CkD(A|∂kΛDM|B)C ,
LΛ(MAB)−1 = LΛ(MAB)−1 + 2Y (A|kDC∂kΛD(MB)C)−1 ,
(A.9)
where the ordinary Lie derivative LΛ includes weights of −2ω (and +2ω for (MAB)−1). Hence one can
show that
LΛM¯ij = LΛM¯ij , (A.10)
so we conclude this is invariant under form field gauge transformations and so up to possible dilaton
factors should take the form M¯ij = φ−ωφij . Thus, we will always have M¯ij = Ω−1φij andMij = Ωφij .
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In addition, we record the gauge transformations of the object Ui
A:
LΛUiA = LΛUiA + ∂iλA − Y AkDi∂kλD + Y AkCB∂kλCUjB . (A.11)
A.3 The E6 dictionary: M-theory section
The EFT fields are the generalised metric MMN , and the two-form fields AµM and BµνM (we have
denoted these calligraphically to prevent confusion with the components A of the supergravity form
fields).
Note that in the conventions of [13], the kinetic term for the three-form is normalised as − 112F 24 .
Our conventions will be that the kinetic term is normalised as − 148F 24 . Hence, Cˆthere = 12 Cˆhere and
similarly for the redefined components. Bearing this factor of two in mind, we can read off from [13] the
relationship between EFT tensor hierarchy fields and the redefined three-form components Aµ... of (A.3)
as follows:
Aµm = Aµm ,
Aµmn = 1√
2
Aµmn ,
B˜µνm¯ ≡
√
5Bµνm¯ +A[µnAν]nm
=
1√
2
Aµνm .
(A.12)
The degrees of freedom appearing in the generalised metric are (φij , Aijk , ϕ).
5.
The components φij are those appearing in the decomposition of the 11-dimensional metric (A.1),
while the components Aijk are the internal components of the three-form. The scalar ϕ is the dualisation
of the external three-form (and so can be regarded as the internal components of the six-form dual to
the three-form, i.e. ϕ ≡ 16!ǫijklmnCijklmn. To simplify the expressions, we define
A˜ijk ≡ 1
6
ǫijklmnAlmn . (A.13)
Then the paper [13] allows us to extract the components of the generalised metric MMN :
Mij = φ1/3φij + φ1/3 1
2
AiklAjpqφ
kpφql − 1
2
φ−2/3φp(iAj)qrA˜pqrϕ
+
1
16
φ−2/3φklAipqAjrsA˜kpqA˜lrs + φ−2/3φijϕ2
Mij¯ =
1
4
φ−2/3φjpA˜pqrAiqr − φ−2/3φijϕ
Mijk = + 1√
2
(
Aipqφ
1/3φjpφkq +
1
4
φ−2/3φpqA˜pjkA˜qrsAirs − φ−2/3φipA˜pjkϕ
)
(A.14)
and
Mi¯j¯ = φ−2/3φij
Mij,kl = φ1/3φi[kφl]j + 1
2
φ1/3φpqA˜
pijA˜qkl
Mi¯jk = +
1√
2
φ−2/3φipA˜pkl
(A.15)
The easiest way to obtain the IIA relationships is to carry out the usual reduction on the 11-dimensional
5In [13], the parametrisation is in terms of the unit determinant matrix mij = e
Φ/3φij and e
Φ = φ−1/2, so that
eΦmij = φ
−2/3φij , e
−Φmij = φ
1/3φij .
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variables.
A.4 The E6 dictionary: IIB section
According to [48], we have the following relationships on the IIB section:
Aµi = Aµi
Aµiα = ǫαβAµiβ
B˜µνα ≡
√
10Bµνα − ǫαβA[νjAν]jβ
= Aµν
α
(A.16)
In addition, the generalised metric contains an internal field denoted in [48] by bij
α, and we have bij
α =
− 12Aijα. Note that in the conventions of [48], the kinetic term for the two-forms is normalised as − 112F 23 .
We use the same convention.
The full expressions for the generalised metric are lengthy and provided in more concise form in
section 6.3 already, except for Mij , for which we only need the general results in appendix A.2 anyway.
B General DFT and EFT conventions
We provide here a useful summary of the conventions for the fields of DFT and EFT, focusing on the
generalised metric and those that appear in the R1 and R2 representations. We provide the constraints
on the generalised metric, and following [46] the expressions for the operations • : R1 ⊗ R1 → R2 and
∂ˆ : R2 → R1.
Summary of general R1 and R2 index conventions
For Bµν ∈ R2 we write BµνMN . In the construction of the exceptional sigma model, we introduce a
charge q ∈ R¯2 which we will also write as qMN , where the symmetrisation (and projection) is implicit.
We require that:
qMNBµν
MN = q · Bµν (B.1)
in order to determine the precise map between qMN and q ∈ R¯2. Note that as YMNPQ projects into R2
or R¯2 we have
qMN
1
2d
YMNPQ = qPQ , (B.2)
where d = D − 1 in the ED(D) case.
Following the conventions and notation of appendix B, we can write:
AM =


AM O(d, d)
(Aa, As) SL(2)× R+
AIa SL(3)× SL(2)
A[ab] SL(5)
AM SO(5, 5)
AM E6
, BMN =


1
2dη
MNB O(d, d)
δ
(M
a δ
N)
s Bas SL(2)× R+
1
4ǫ
IJKǫabBK SL(3)× SL(2)
1
6ǫ
abcdeBe SL(5)
1
8γ
MN
I B
I SO(5, 5)
dMNKBK E6
. (B.3)
We in general write M for an R1 index, except in the cases of SL(2)× R+, where M = (a, s) with a an
SL(2) fundamental index and s a singlet index; SL(3)× SL(2), where M = (Ia) with I an SL(3) funda-
mental and a an SL(2) fundamental; and SL(5), where M = [ab] is a pair of antisymmetric fundamental
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indices. Note as well that the B-field in the E6 EFT is normalised differently to the B-field in the lower
rank cases: a more consistent pattern could be achieved by redefining both the invariant tensor dMNP
and BM by factors of
√
10, however we maintain full alignment with the EFT conventions of the original
paper [13] here. In addition, the charges are given by
qMN =


qηMN O(d, d)
2δa(Mδ
s
N)qαs SL(2)× R+
ǫIJKǫabq
K SL(3)× SL(2)
qeǫabcde SL(5)
1
2qIγ
I
MN SO(5, 5)
dMNKq
K E6
(B.4)
O(d, d) DFT
The R1 representation is the fundamental, and we write A
M for a field in this representation. The
Y-tensor is
YMNPQ = η
MNηPQ , (B.5)
so the section condition is
ηMN∂M ⊗ ∂N = 0 . (B.6)
The generalised metric MMN obeys
ηMNMMPMNQ = ηPQ . (B.7)
A field in the fundamental (R1) representation is denoted A
M while a field in the trivial R2 representation
is B. We have
A1 •A2 = ηMNAM1 AN2 , (∂ˆB)M = ηMN∂NB . (B.8)
SL(2)× R+ EFT
This EFT was constructed in [19]. The R1 representation of the SL(2)×R+ EFT is reducible, being the
21⊕1−1. We let a = 1, 2 be a fundamental SL(2) index. Then we write AM = (Aa, As) for a field in this
representation (where the singlet index s refers to the component in the 1−1). The R2 representation is
the 20, and a field here is denoted B
as. We have
(A1 •A2)as = Aa1As2 +As1Aa2 , (∂ˆB)a = ∂sBas , , (∂ˆB)s = ∂aBas . (B.9)
The Y-tensor has components
Y asbs = δ
a
b (B.10)
and others related by symmetry. The section condition is
∂a ⊗ ∂s = 0 . (B.11)
The generalised metric is also reducible, consisting of a two-by-two matrixMab and a one-by-one matrix
Mss. These are not independent: one has detMab = (Mss)−3/2.
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SL(3)× SL(2) EFT
This EFT was constructed in [16]. The R1 representation of the SL(3) × SL(2) EFT is the (3,2). We
let I = 1, 2, 3 be a fundamental SL(3) index and a = 1, 2 be a fundamental SL(2) index. Then we write
AM = AIa for a field in this representation. The R2 representation is the (3¯,1), and a field in this
representation is denoted by BI . We have
(A1 •A2)I = ǫIJKǫabAJa1 AKb2 , (∂ˆB)Ia = ǫIJKǫab∂JbBK . (B.12)
The Y-tensor is
Y Ia,JbKc,Ld = ǫ
IJK′ǫKLK′ǫ
abǫcd , (B.13)
and the section condition is
ǫIJKǫab∂Ia ⊗ ∂Jb = 0 . (B.14)
The generalised metric is decomposable, with MIa,Jb = MIJMab, where both MIJ and Mab have
determinant one.
SL(5) EFT
The full SL(5) EFT was constructed in [18]. The internal sector had been pioneered in [9, 11]. The R1
representation of the SL(5) EFT is the 10. This is the antisymmetric representation. We let a = 1, . . . , 5
be a fundamental SL(5) index. Then we write AM = Aab = A[ab] for a field in R1. We define contraction
to be accompanied by a factor of 1/2, thus AMDM ≡ 12AabDab. The R2 representation is the 5¯ and is
denoted Ba. We have
(A1 •A2)a = 1
4
ǫabcdeA
bc
1 A
de
2 , (∂ˆB)
ab =
1
2
ǫabcde∂cdBe . (B.15)
The Y-tensor is
Y aa
′,bb′
cc′,dd′ = ǫ
aa′bb′eǫcc′dd′e . (B.16)
The section condition is that
∂[ab ⊗ ∂cd] = 0 . (B.17)
The generalised metric is decomposable, with Mab =Ma[cMd]b, where detMab = 1.
SO(5, 5) EFT
The full SO(5, 5) EFT was constructed in [17], the internal sector having earlier appeared in [10]. The
R1 representation of the SO(5, 5) EFT is the 16, which is a Majorana-Weyl spinor representation. We
let AM , where M = 1, . . . , 16 denote a field in R1. The R2 representation is the fundamental, and we
denote a field in this representation by BI , where I = 1, . . . , 10 is a fundamental index. Note that we
can raise and lower such indices using ηIJ , the SO(5, 5) structure. Let γI
MN and γIMN denote the
sixteen-by-sixteen off-diagonal components of the full gamma matrices, obeying
γIMNγ
JNP + γJMNγ
INP = 2ηIJδPM , (B.18)
which implies γIMNγJ
MN = 16δIJ . We have
(A1 •A2)I = 1
2
γIMNA
M
1 A
N
2 , (∂ˆB)
M = γI
MN∂NB
I . (B.19)
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The Y-tensor is
YMNPQ =
1
2
γI
MNγIPQ , (B.20)
and the section condition
γI
MN∂M ⊗ ∂N = 0 . (B.21)
The generalised metric isMMN , and can also be written in the fundamental asMIJ withMIJγIMNMMPMNQ ∼
γJ
PQ.
On an M-theory section, with SO(5, 5) → SL(5), we have AM = (Ai, Aij , Az), where i is five-
dimensional and z is a singlet index. We also have BI = (Bi, Bi). The invariant tensor ηIJ has the usual
components ηi
j = δi
j and the components of the gamma matrices can be taken to be
(γI)
MN → (γi)jkl = 2δijkl (γi)jz =
√
2δji (γi)jklm =
1√
2
ǫijklm
(γI)MN → (γi)jkl = 2δklij (γi)jz =
√
2δij (γ
i)jklm = 1√
2
ǫijklm
(B.22)
On a IIB section, with SO(5, 5) → SL(4) × SL(2), we have AM = (Ai, Aia, Ai¯), where i, i¯ are four-
dimensional indices and a is the SL(2) index. We also have BI = (Ba, B
ij , Ba¯). The invariant tensor
ηIJ has components η
a¯b = ǫab and ηij,kl =
1
2ǫijkl . The gamma matrix components can eb taken to be
(γI)
MN → (γa)i¯jb = −
√
2δijδ
a
b (γ
a¯)ijb =
√
2δijδ
a
b
(γij)ka,lb = ǫijklǫab (γij)
k¯l = −2δklij
(γI)MN → (γa )¯ijb = −
√
2δji δ
b
a (γa¯)i
jb =
√
2δji δ
b
a
(γij)ka,lb = ǫijklǫab (γij)k¯l = −2δijkl
(B.23)
C The charge constraint in general EFTs
Here we write down the specific form of the charge constraint (4.16), and solve it, relying on the conven-
tions of appendix B.
DFT
In this case, the constraint (4.16) is in fact an identity, reducing to qηPQ∂M on both sides. Therefore
there is always a doubled string, as we would expect. The non-zero components of qMN are
qi
j = qji = qδi
j . (C.1)
The tension simplifies to T = q.
SL(2)× R+ EFT
Here the extended coordinates are YM = (Y a, Y s) ∈ 21 ⊕ 1−1 of SL(2)× R+. The charge in R¯2 is qas.
The constraint (4.16) becomes
ǫabqas∂b = 0 . (C.2)
The solutions are as follows:
• IIB section: we have ∂s 6= 0 and ∂a = 0. The constraint (C.2) therefore does not constraint the
charge qas at all. This means the charge is a doublet, and the objects that couple to Bµν
as are
(p, q) strings. The non-zero components of qMN are qsa = qas.
• M-theory section: we have ∂s = 0 and ∂a 6= 0. The constraint (C.2) forces qas = 0: so there are no
strings in eleven dimensions.
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• IIA section: now we have ∂s = 0 and ∂1 = 0, but ∂2 6= 0. We are allowed have q2s 6= 0 and q1s = 0.
This gives the IIA fundamental string. The non-zero components of qMN are q2s = qs2.
In this case, the generalised metric is reducible, consisting of components Mab,Mss. The tension is
T =
√
qasqbsMabMss.
SL(3)× SL(2) EFT
Here we have YM = Y Ia in the (3,2) of SL(3)× SL(2). The charge in R¯2 = (3,1) is qI . The constraint
(4.16) becomes
qI∂Ia = 0 . (C.3)
The solutions are as follows:
• IIB section: we split I = (α, 3), and the section condition solution is ∂3a 6= 0, ∂αa = 0. The allowed
charges are qα 6= 0, while q3 = 0. The non-zero components of qMN are
q3a,αb = qαb,3a = ǫαβq
βǫab . (C.4)
• M-theory section: we have ∂I1 6= 0 and ∂I2 = 0. This means that qI = 0, so there are no solutions.
• IIA section: let I = (1, i) and suppose that ∂11 = 0, so ∂i1 6= 0. Then we can have q1 6= 0. The
non-zero components of qMN are
qi1,j2 = qj2,i1 = ǫijq
1 . (C.5)
The generalised metric is also reducible, withMIa,Jb =MIJMab. The tension becomes T =
√
MIJqIqJ .
SL(5) EFT
In this case the extended coordinates carry a pair of antisymmetric 5-dimensional indices, and are written
Y ab. The charge in R¯2 = 5 is q
a. The constraint (4.16) boils down to
qa∂ab = 0 . (C.6)
The solutions are as follows:
• IIB section: here we decompose a = (i, α) where i = 1, 2, 3 and α is a 2-dimensional SL(2) S-duality
index. Then we have ∂ij 6= 0 for i, j = 1, 2, 3, and ∂αi = ∂αβ = 0. The constraint (C.6) imposes
that qi = 0 and q
α 6= 0.The non-zero components of qMN are:
qij,kα = q
k
α,
ij = ǫijkǫαβq
β . (C.7)
• M-theory section: here a = (i, 5) where i = 1, 2, 3, 4. The section condition is solved by ∂i5 6= 0
and ∂ij = 0. The charge q
a is forced to be zero.
• IIA section: now a = (i, 4, 5) with i = 1, 2, 3. The section condition is ∂i5 6= 0, ∂ij = ∂i4 = ∂45 = 0.
One can have q4 6= 0, qi = 0 = q5. The non-zero components of qMN are:
qi5,jk = qjk,i5 = −ǫijkq4 . (C.8)
The generalised metric can be decomposed in terms of a symmetric unit determinnat little metric mab
as Mab,cd = macmbd −madmbc, and the tension becomes T =
√
mabqaqb.
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SO(5, 5) EFT
Here we have YM in the 16 of SO(5, 5). The charge in R¯2 = 10 is q
I . The constraint (4.16) becomes
qIγI
MN∂N = 0 . (C.9)
The solutions are as follows:
• IIB section: we decompose qI = (qa, qij , qa¯), where a and a¯ are separate SL(2) fundamental indices.
One finds that
qa¯∂i = 0 , q
ij∂j = 0 . (C.10)
Hence we must have qa¯ = 0 and q
ij = 0, but qa 6= 0. The non-zero components of the charge qMN
are
qi
ja =
1√
2
δji ǫ
abqb . (C.11)
• M-theory section: we decompose qI = (qi, qi), with i = 1, . . . , 5. One finds that
q[i∂j] = 0 , q
i∂i = 0 , (C.12)
which has no solutions.
• IIA section: we now take one of the M-theory directions i = 1 (say) to be an isometry, ∂1 = 0.
This allows for q1 6= 0, giving the F1 string, with all other charge components zero. The non-zero
components of the charge qMN are (for i, j = 1, . . . 4 IIA indices):
qi
1j =
1
2
q1δji (C.13)
The tension can be written as T =
√
MIJqIqJ whereMIJ is the generalised metric in the fundamental
representation rather than the R1 representation.
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